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In this paper, we study how the choice of loss functions of non-convex optimization
problems affects their robustness and optimization landscape, through the study of
noisy matrix sensing. In traditional regression tasks, mean squared error (MSE) loss
is a common choice, but it can be unreliable for non-Gaussian or heavy-tailed noise.
To address this issue, we adopt a robust loss based on nonparametric regression,
which uses a kernel-based estimate of the residual density and maximizes the
estimated log-likelihood. This robust formulation coincides with the MSE loss
under Gaussian errors but remains stable under more general settings. We further
examine how this robust loss reshapes the optimization landscape by analyzing
the upper-bound of restricted isometry property (RIP) constants for spurious local
minima to disappear. Through theoretical and empirical analysis, we show that
this new loss excels in handling large noise and remains robust across diverse noise
distributions. This work provides initial insights into improving the robustness of
machine learning models through simple loss modification, guided by an intuitive
and broadly applicable analytical framework.

1. Introduction

Noisy low-rank matrix optimization arises in numerous settings, including matrix sensing [1], matrix
completion [2], and robust PCA [3]. In practical applications such as recommender systems [4],
motion detection [5, 6], phase synchronization and retrieval [7-9], and power system estimation [10],
one often encounters an unknown positive semidefinite matrix M € R"*" of rank at most r. Mea-
surements are collected through a known linear operator 4: R"*"™ — R™, and are corrupted by an
additive noise vector w € R™ whose distribution may be unknown. A standard formulation is
Mn%gnX f(M,w) subjectto rank(M)<r, M >0, (1.1)
cRnxn
where f denotes a loss function evaluated at (M, w). In recovery problems, the target quantity is M,
while the noise can vary widely in scale or distribution.

A widely used choice for f is the mean squared error (MSE),
F(M) = 5] AM) = b, (1.2)

where b = A(M*) + w and | - ||  is the Frobenius norm. Although the MSE objective performs well
when the noise is Gaussian, its sensitivity to heavy-tailed corruption, outliers, or heterogeneous
errors has been well documented [11-14].

Because M is constrained to be low-rank and positive semidefinite, many algorithms adopt the
Burer-Monteiro (BM) factorization [15], which writes M = XX T for X € R"*". Substituting this
representation into (1.1) yields an unconstrained non-convex problem:

. T
Xgﬁklvrrlwf(XX ,w). (1.3)

Theoretical studies [16-19] have characterized the geometry of (1.3), including properties of its local
minima and its global recovery guarantees.
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To improve robustness in the presence of unknown or irregular noise, we draw inspiration from
nonparametric regression. In that setting [20-30], one estimates an unknown function g from samples
{(X;,Y;)}7; without assuming a parametric form for the noise. A kernel density estimator f()is
used to construct the log-likelihood objective

. ISy 7
§ = argmax — Zlogf(Yi — g(XZ-)). (1.4)
g: RiR T
The loss proposed in [31] is Lipschitz continuous, avoids committing to a specific noise model, and
reduces to the classical MSE estimator under Gaussian noise. Crucially, it continues to behave reliably
when the corruption is heavy-tailed or heterogeneous.

In this work, we adapt the robust loss (1.4) to the BM formulation (1.3) by applying the kernel
estimator to the residuals }

AXXT) -0, (1.5)
which play the same role as the terms Y; — g(X;) in nonparametric regression. In this correspondence,
the unknown matrix M = XX " replaces the unknown function g, and remains the central object of
estimation throughout. We analyze the resulting optimization landscape, with particular attention
to how the restricted isometry property (RIP) constants influence global recovery under noise. Both
favorable and unfavorable RIP regimes are considered, and convergence properties for local search
methods are derived. Numerical experiments under various corruption models demonstrate that
this robust loss yields more stable estimation and improved convergence.

Our main contributions are as follows. (1) We provide theoretical recovery guarantees for M* and
establish convergence behavior of the kernel-based loss (1.4) in the BM setting. The results indicate
enhanced robustness under heavy-tailed and heterogeneous noise. (2) We show that when the
noise is Gaussian, the robust loss coincides with the MSE objective, thereby retaining its statistical
efficiency. (3) Through empirical studies, we demonstrate accurate recovery and stable convergence
across diverse corruption scenarios.

2. Preliminaries
2.1. The Kernel Loss

A second choice for the data fidelity term is a kernel-based loss derived from a log-likelihood

formulation. Given observations (X;,Y;)" ;, define:
n

~ - D . —1 1 ”
§ = argmin Ry () = argminn ; log ~ ;Kh (V; —9(X;),Yi—g(X0) | . (21)
This loss function is based on the log-likelihood formulation of a kernel density estimator using
a kernel function K, applied to the residuals. Unlike the mean squared error (MSE) loss, which
lacks adaptability to varying noise distributions, the proposed loss function provides robustness
by accommodating different noise settings. This characteristic ensures that the estimator remains
statistically reliable in the large-sample regime. The proposed R, (g) involves a tuning parameter h.
For implementation we use the exponential kernel

Kp(u,v) = exp(—(u—v)?/h?). (2.2)
Then we use A(-) to replace ¢(-) and BM factorization form to get the explicit form g:
R 1 ¢ Y — (AXXT);) — (Vi — AXX T)y))?
=3 [t L S (- ACKTUD G ACKTIIRY)
i=1 j=1
Using this loss, problem (1.1) becomes
i g .t < >
i Gg(M,w) st rank(M) <r,M >0 (2.4)
or, in factorized form,
min (XX, w), (2.5)
XER’H,XT‘

where § is defined in (2.1).



2.2. RIP Conditions

This line of work usually assumes the Restricted Isometry Property (RIP) for the problem, which is
defined below:

(1= 0p)IXIE < JAGOIE < 1+ 6) X7, (2.6)

here the || - || 7 denotes the Frobenius norm, A is the linear operator, and ¢, is the RIP-constant, which
is usually simplified as ¢ in the following content.

2.3. Lemmas on Noise

Assumption 2.1. The noise w has a finite influence on the gradient and Hessian of the objective
function in the sense that there exist two constants (; > 0 and {5 > 0 such that

[(Var f(M,w) = Varf(M,0), K)| < Gillwll2 || K|, (27)

|[V3f (M, w) = V3, f(M,0)](K, L)| < Gllwl2| Kl LllF, (28)

for all matrices M, K, L € R"*™ with rank(M ), rank(K), rank(L) < 2r.

Assumption 2.1 is the bounded noise assumption, for instance: ||(Vxg(X +w) — Vxg§(X), K)| or
possibly [[(VZ (X +w) — V% §(X), (K, L)) is bounded with || X||, | K]|, || L], and|Jw]||. In addition
to Assumption 2.1, there exist other forms of noise assumptions used in the subsequent proof. The
following two lemmas illustrate how alternative noise assumptions can be incorporated under fixed
constants p, A1, and As.

Lemma 2.2. There exists a constant p such that the gradient of the function (2.3) §(-,w) with respect to the
first arqument M is p—restricted Lipschitz continuous, meaning that:

IVag(M,w) = Vayg(M',w)||lp < pl|M — M| ¢ (2.9)

for all matrices M, M’ € R™*™ with rank(M) < r and rank(M') < r.

The proof is provided in Section C. Lemma 2.2 establishes that the gradient of the function §(M,w)
with respect to the variable M satisfies a restricted Lipschitz continuity property over the set of rank-r
matrices. Specifically, there exists a constant p > 0 such that, for any pair of matrices M, M’ € R™*"
with rank(M) < r and rank(M') < r, the Frobenius norm of the gradient difference is bounded
above by p times the Frobenius norm of the matrix difference. This condition ensures that, within
the low-rank manifold, the gradient of g does not change too rapidly, which is critical for the analysis
of optimization algorithms constrained to low-rank structures.

Lemma 2.3. Gradient Lipschitz Continuity with Respect to Noise:

IVarg(M, wi) = Varg(M, wa) || p < Aaffwr — w2, (2.10)
Hessian Lipschitz Continuity with Respect to Noise:

IV39(M,w1) = V3g(M, w2)|[F < Aallwr — woll2. (211)

The proof is provided in Section D. Based on the two lemmas we know that Assumption 2.1 must
hold in the kernel loss.

Lemma 2.3 formalizes the regularity of the function §(M, w) with respect to the noise variable w.
The first inequality establishes that the gradient of § with respect to M is Lipschitz continuous in w,
with Lipschitz constant A;. This implies that small changes in the noise vector induce proportionally
small changes in the gradient. The second inequality states that the Hessian of § with respect to M/
is also Lipschitz continuous in w, with Lipschitz constant A,. Together, these conditions ensure that
both first- and second-order derivatives of § vary in a controlled manner as a function of the noise,
which is essential for stability and convergence guarantees in noise-sensitive optimization problems.

Due to space limitations, additional preliminaries and the background are provided in Appendix B.
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3. Comparison and Relationship of MSE Loss and the kernel loss

Assumption 3.1. Assume the noise w follows a centered symmetric distribution.

Based on Assumption 3.1 and heavy tailed assumptions and analysis in Appendix B, we have:
Theorem 3.2 (Noise sensitivity of f(M,w) and §(M,w)). Let w € R™ be the noise vector and assume
lwll2 < € with probability at least P(||w|| < €) for some positive constant e. We measure noise sensitivity by
the Euclidean norm of the gradient with respect to w, that is, ||V, L(M, w)||2. Then the sensitivities of the
MSE loss f(M,w) and the robust kernel loss g(M,w) are bounded as follows:

(A) (Case: MSE loss f(M,w)) For the MSE loss, the gradient norm satisfies
€
IVuf@s,w)], =0 (<) (3.1)

(B) (Case: robust kernel loss §(M, w) in Equation (2.3)) For the robust kernel loss, there exists a
constant C' > 0 (independent of n and €) such that

R ce=< /M

for all noise vectors w with |w||s < e.
The detailed background together with the proof is provided in Section F.

Theorem 3.2 compares the sensitivity of two loss functions-namely, the standard mean squared error
(MSE) loss f(M,w) and a kernel-based robust loss §(M, w)—with respect to the noise variable w.
In case (A), for the MSE loss, the gradient with respect to w grows linearly with ¢, leading to a
derivative of order O(e/n), where n is the number of samples. This indicates that large noise directly
amplifies the gradient, potentially causing instability in optimization.

In contrast, case (B) demonstrates that the derivative of the robust loss (M, w) with respect to

w is exponentially suppressed for large ||w||, scaling as 0(66*62/ h? /(nh?)). The exponential decay
introduces a natural attenuation of the influence of large noise components, making the loss function
more robust to outliers. This distinction underscores the regularizing effect of the proposed loss and
its improved stability in high-noise regimes.

Due to space limitations, additional preliminaries and background are provided in Appendix G.

4. Main Result

We now officially characterize the recovery guarantees of ground truth M* under our new loss
setting;:

Theorem 4.1 (Behavior of G(M,w)). Let §(-,w) be our twice-differentiable loss function (Equation (2.3)),
M* is the ground truth, and suppose V3, §(M*, w) is positive definite at the ground truth point M*. Suppose
d satisfies (5.1) in Section 5 for the guarantee of no local minima, with probability at least P(||w|| <€), if M

is a local minimizer of §, then 2
IM — M*||p §O<max{1,€eh2}). (4.1)

Meanwhile, for equation:

1 2
IVarg(M,w) — Varg(M,0)|| < Xe with: X = (9(8( 1_6) e + C’). (4.2)

The proof is provided in Section I. Theorem 4.1 provides a probabilistic characterization of the behav-
ior of the robust loss function §(M, w) in the vicinity of local minimizers. When the minimizer M lies

close to M*, the estimation error | M — M*||r is shown to be bounded above by O ( max {1, “,;;
with high probability, indicating that the error decays exponentially in the noise magnitude e. More-

over, the gradient variation with respect to noise is controlled via a Lipschitz constant A, which
itself satisfies an exponential decay bound given by A = O (Wee_ez + C’). These results together

highlight the smoothing effect of the exponential kernel in §, which yields improved stability and
robustness to noise in regions close to the ground truth.



4.1. Turning Point of the Upper Bound

Now we want to calculate the turning point of the Theorem 4.1 to illustrate the specific optimization
landscape of | M — M*||p.

Lemma 4.2 (Comparison of Terms in Theorem 4.1). Let T7 = O(1) be the constant term in Equation (4.1)

e*’u72

and Ty, = O ('“"hg) be a noise-dependent term in Equation (4.1). Then with probability at least

2

P(||w|| < €): for very small ¢, specifically when ¢ < h?, we have Ty = O (%) =0(5)<01) =T,
Conversely, for small €, this roughly corresponds to € ~ h2. In regimes where h? is significantly smaller than
the maximum value ofeeff2 (which occurs at € = L %671/2), T5 > Ty. When e and h satisfy

: 7 with value
e ~ h2, then Ty ~Ti.

The proof is provided in Section I.10. Lemma 4.2 analyzes the interplay between two key terms in
the upper bound of the estimation error: a constant term 77 = O(1) and a noise-dependent term

—e2
T, =0 (667) As illustrated in Figure 1, for very small noise magnitude e < h?, the exponential

€~ 1,50 T5 ~ 5 < 1, making the constant term 7} dominant. In this case, the estimation

terme™ >

error remains effectiveiby bounded and insensitive to small perturbations in e. Conversely, as €
increases and approaches the regime where e ~ h2, the two terms become comparable, marking
a critical threshold where noise starts to meaningfully affect the bound. Moreover, when h? becomes
much smaller than the peak value of the function e~ (attained at ¢ = 1/1/2), the term T} may

become larger than 77, and the error becomes dominated by the noise effect.

4.2. MSE Loss Result Comparison

Based on the above Lemma we have:

Theorem 4.3 (Behavior of MSE loss function f(M,w)). Let f(-,w) vanilla MSE loss function. M* is
the ground truth. with probability at least P(||w|| < e):

If M is a local minimizer of §, then
[M = M| < O(e). (4.3)

Meanwhile, for equation:
IV 0 f(M, w) — Vs f(M,0)]| < Ne  with: X = 0(2 1+ 5,,). (4.4)

The proofs are provided in Section 1.6.1. Theorem 4.3 describes the behavior of the standard MSE
loss f(M,w) near the ground truth M*, which is a tighter bound than in [32]. Unlike the robust
loss, the MSE does not benefit from exponential decay in noise and is more sensitive to outliers.
Also, in Theorem 4.1, the new loss §(M, w) is smoother (it has a smaller Lipschitz constant \), and
consequently M transitions toward M* when e decreases. In contrast, in Theorem 4.3, as € grows,
[|M — M*||r can grow linearly in e. Here the new loss exhibits a rougher landscape (with a larger
Lipschitz constant p), and hence when € decreases, M may actually move away from M*. The loss
function still becomes smoother as ¢ changes, but the local minimum remains distant from the
ground truth.

5. The Condition of ¢

Lemma 5.1 (0 condition with explicit choice of bandwidth Parameter h). Assume Assumption 2.1

and 2.3 hold and use the definitions in Lemma ].1 in Appendix ]. Let the bandwidth be chosen as h = Jo—

Then, the quantity § must satisfy

B2 G Ly
YL — ) A B .
5\/ 4(Cruin +2) (2 or B) ! 5.1)

In particular, under the conservative (worst-case) assumption, this reduces to




R NI (52)
2(C"Ymin +2) 3

The proof is provided in Section ]. Lemma 5.1 provides an explicit upper bound on the parameter ¢ in

V2B
VGmin”
of spectral and residual quantities; in particular, this value can be calculated explicitly as around 1/3,

which aligns well with Ma’s ¢ bound [32]. The bound simplifies to § < ﬁ — 1, illustrating

how the choice of h directly regulates estimation stability through the tradeoff between noise, kernel
concentration, and curvature. As shown in Figure 2, the value of § decreases monotonically as w
increases when 1 is held constant. For fixed w, increasing h suggests a non-monotonic dependence
on the smoothing parameter.

terms of the kernel bandwidth h, by setting h =

and shows that § depends on a combination

The ¢ bound shown in Equation (5.1) corresponds directly to the theoretical setting (as in Theo-
rem 4.1) in which the convergence guarantees for ground truth recovery. Specifically, these results are
valid only when § remains below the threshold, which aligns with the classical requirement § < 1/2,
as stated in [32]. When ¢ exceeds this threshold, matrix recovery is no longer guaranteed to succeed
in recovering the ground truth. Therefore, in the following sections, we shift our focus to analyzing
the behavior of the recovery landscape in the regime where ¢ is above 1/2. We only consider the
optimization landscape in a region around the ground truth and show that local minimizers are all
very close to M*.

’ 2n*
‘= |——— -1

f(w, h) = max(w eA-wA2)hA2, 1) Yoo 2w vaw el

Figure 1: The kernel loss bound result: the yellow Figure 2: Our ¢ bound result is illustrated in
mesh depicts the three-dimensional surface of the figure, where the yellow mesh represents the
the upper bound on ||M — M*| g, expressed as boundary surface of J as a function of the noise
a function of the noise magnitude ||w| and the magnitude ||w|| and the kernel bandwidth h.
kernel bandwidth h.

6. Upper Bound When § > 1/2
6.1. The Kernel Loss Function

Theorem 6.1 (Upper Bound for § > 1/2). Let M € R"*™ be an estimator of the true matrix M*, and
with the new loss function (Equation (2.3)), assume that: the derivative terms ¥ nyu;; (M), V3 ,ui (M) are
bounded in norm by L, Lo, respectively, and the quantity G;(M) is uniformly lower bounded: G;(M) >
Dimin > 0. Also assume the minimum pairwise squared residual satisfies u2, = min; j , u;;(M;)?. Then

with probability at least P(||w||2 < €) the estimation error || M — M* || satisfies the bound:
— [G1(1+8) = BEG) + /[ (1 +0) — BEG)® +8Be(16o(1 )

1M — M* || < e 7 6.1)
where
20+ (XXT) 1 362 22, Lo6 w2,
1 min 2 min
Q] [h4F2, exp (_ 72 ) + T exp <— 52 )] . (6.2)



and Q := XUT + UXT. Here, (1, (o are structural noise constants as in Assumptions 2.3 and 2.1, and
A+ (X XT) denotes the r*-th eigenvalue of the data covariance matrix.

The proofs and detailed math are provided in Section K.

Corollary 6.2. The | M — M* ||z in Theorem 6.1 can be roughly written as:

107 =M p < O(~ [ B + /L - BeP + Be2). (6.3)
It is a simplified result and the proof is omitted here due to page limit.

6.2. MSE Loss Function

Lemma 6.3 (Estimation Bound under MSE Loss). Assume that the objective function is given by the
mean squared error (MSE) loss and that it satisfies Assumptions 2.3 and 2.1. Further suppose that the
noise-free mapping f (M, 0) satisfies the §-restricted isometry property (RIP) for some constant § € (0, 1).
Let T € (0,1 — 62) be arbitrary. We have, with probability at least P(||w||2 < €), the refined upper bound

] c1+¢)
- o < 0 (YD), (6.4)
The proofs and detailed math are provided in Section P, which alignes well with Ma’s result [32].
The upper bounds for the proposed loss in Theorem 6.1 and MSE loss in Theorem 6.3 illustrate a
direct generalization of the results in [33], Theorem 6.1 shows that even when ¢ > 1/2, a recovery
guarantee still holds under more strict conditions on the model and the noise structure. Hence, unlike
certain MSE-based approaches that may fail to provide meaningful error bounds once § exceeds the
1/2 threshold, the new kernel-based method retains theoretical validity in this regime. For scenarios
in which ¢ is only marginally above 1/2, MSE might still be competitive if its assumptions are not
severely violated, but it generally does not offer the same level of robustness provided by the new
loss.

7. Lower Bound for the ||M — M*||p

Now we want to provide the lower bound for the result of the kernel loss and MSE loss for comparison.
The lower bound refers to a threshold below which the Frobenius norm of the error, | M — M*||p,
cannot decrease unless the estimated matrix M coincides with the ground truth M*. Thus, if
M # M*, then ||M — M*||r must lie above a positive value

7.1. MSE Loss Function

Theorem 7.1 (Lower Bound under MSE Loss). Let M* € R"*™ be the ground truth matrix. L > 0,
§ € (0,1), and w is the noise term. Provided that L > 2(1 + ¢), then with probability at least P(||w||2 < €)
either M = M* (i.e., perfect recovery), or the Frobenius norm of the error is lower bounded by

44/1 + e

M —M*||Fp > .
| Ir = 75079

(7.1)

The proofs and mathematics are provided in M.4.

7.2. The Kernel Loss Function

Theorem 7.2 (Lower Bound for the kernelloss). Let M* be the ground truth matrix. Then, with probability
at least P(||w||2 < €) either M = M* (i.e., exact recovery), or the Frobenius norm of the error satisfies the

lower bound: )

2L(1 + §)e*

M —M*||r >

(7.2)

here L > 0,and 0 < § < 1.



The proofs and mathematics are provided in M.5. Comparing Theorems 7.1 and 7.2, we observe that
the kernel loss yields a tighter and more informative lower bound for the recovery error. Specifically,
the bound in Theorem 7.2 scales favorably with respect to both the noise level ¢ and the kernel
bandwidth h, and decays exponentially in €2, which reflects stronger robustness to small noise. In
contrast, the lower bound under the MSE loss in Theorem 7.1 grows linearly with € and inversely
with the gap L — 2(1 + §), which can be loose in high-noise or near-threshold regimes. Therefore, the
proposed kernel-based formulation not only enhances recovery in practice but also enjoys a more
favorable theoretical guarantee in terms of error lower bounds.

However, a closer look at Theorem 7.2 also shows that when e is very small, the exponential term e—¢
does not significantly decrease, and the resulting lower bound can remain comparatively large. In
such low-noise settings, this may hinder the solver’s ability to achieve a close approximation to M*,
making the MSE approach more favorable in that specific scenario. This explains why we combine
the two losses.

8. Combined Loss

Table 1: Comparison of theoretical properties the between the kernel loss and MSE loss, with
probability at least P(|lw||2 <€)

Property The Kernel Loss MSE Loss
2
Loss Behavior (Section 3) O(eenhf ) o(%)
_e2

Optimization Landscape (Section 4) @ (max{ 1, %5 }) O(e)
Continuity Result (Section 4) O (%66’62 + C) 2\/1+46,
5> 1 (Section 5) O(~[1-Be] + VIt - BeP + Be) 0 (<GE2)
Lower Bound (Section 7) % Lﬁi V;(Irjfg)

. 2
Convergence Result (Section L) n < m n < (12%7171/200)

The Convergence analysis is provided in Section L, and the analysis of the behavior of the two loss
functions under non-centered noise is provided in Section G. Table 1 summarizes the theoretical
properties of the kernel loss and the standard MSE loss. Compared to MSE, the kernel loss exhibits
smoother behavior, provides benign optimization landscapes, and maintains more robust theoretical
guarantees even when the RIP constant exceeds . It also offers tighter lower bounds and provable

2
convergence under heavy-tailed noise, highlighting its robustness and theoretical advantages.

As discussed in Table 1, a comprehensive comparison between the mean squared error (MSE) and
our proposed loss reveals that each has distinct advantages and limitations. To leverage the strengths
of both, we construct a combined loss function that incorporates MSE and the proposed kernel-based
loss, weighted by a learnable trade-off parameter A. The resulting objective function is given in
Equation (8.1). A concise theoretical analysis of the combined formulation is provided in Appendix S,
where we highlight its optimization properties. In the following empirical study, we evaluate the
performance of three loss functions: the MSE loss, the kernel loss, and the combined loss.

— 1 - Ty )2
Lcomblned(X) =A nZ(K .A(XX )Z)

i=1

n




9. Empirical Study Of the Three Different Loss

In this section, we provide an illustrative example of the theoretical results. We examine the proximity
of an arbitrary local minimizer X of the three losses to the ground truth in terms of || XX — M*| z,
and study the effect of the step size on convergence. The setting follows the 1-bit Matrix Completion
problem, a low-rank optimization task commonly used in recommendation systems [34, 35], with the
same experimental configuration as [32]. Additional implementation details are given in Appendix T.

Figure 3 compares the bounds in Theorem 4.1 and Theorem 4.3 with n = 40 and r = 5. The y-axis
reports the distance from an arbitrary local minimum M to M*, measured in units of A, (M), while
the x-axis represents the probability lower bound, corresponding to the quantile of the noise norm
lw]|. The numerical results lie in the regime ¢ < 1/3. The real error is the Frobenius norm of the
recovered matrix under additive noise, and the numerical error is the corresponding computed
upper bound. The kernel loss maintains stable error as the noise increases, with mild compression in
some cases, consistent with Theorem 4.1. In contrast, the MSE loss exhibits an almost linear increase
in error as the noise strengthens, matching Theorem 4.3. This confirms that the kernel loss can limit
the influence of large noise and preserves robustness.

For low noise, the MSE loss achieves smaller error than the kernel loss, revealing a trade-off between
precision and robustness. The composite loss combines the strengths of both objectives. As shown
in the last columns of Figure 3, it reduces the noise sensitivity of MSE while improving the low-noise
performance of the kernel loss, yielding more reliable recovery across a broader range of noise levels.
Readers may refer to Appendix T for more visualizations of how the values of (;, (3, and Lipschitz
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Figure 3: Comparison of real (top row) and numerical (bottom row) errors under different loss
functions: kernel loss (left), MSE loss (middle), and composite loss (right), for § < 1/3.

constant L affect Theorem 4.1, especially under different uniform noise levels. More empirical results
for § > 1/3 are also provided in Appendix T.

10. Conclusion

We compared the MSE loss and a kernel-based loss for low-rank matrix recovery in the presence of
heavy-tailed noise. The exponential decay term in the proposed kernel-based loss reduces the impact
of large outliers, whereas the MSE loss exhibits a linearly growing gradient. Our theoretical findings
show that the kernel-based loss has more favorable upper and lower bounds in noisy regimes, and a
combined formulation further balances these properties. Empirical results support these conclusions,
indicating that the kernel-based and combined losses perform reliably under varying noise levels
and values of 4.
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Appendix

A. Convergence Behavior Under Uniform Noise

Figures 4 and 5 illustrate the loss curves obtained under uniform noise sampled from the interval [0, 1].
The left plot corresponds to a setting where the final error converges to 0.5032, with a theoretically
computed upper bound of 0.803, a Lipschitz constant of 2.2825922, and a Hessian constant of
3.3899682. In contrast, the right plot achieves a lower final error of 0.40832, with a corresponding
upper bound of 0.9104874, a Lipschitz constant of 2.2984617, and a Hessian constant of 3.390177.

Loss Loss

0.70 —— Loss —— Loss

0 200 400 600 800 1000 0 200 400 600 800 1000
Step Step

Figure 4: Loss under uniform noise setting 1.  Figure 5: Loss under uniform noise setting 2.

The observed decrease in the loss values over time indicates a favorable convergence behavior. In
both scenarios, the empirical loss steadily approaches a stable minimum, validating the optimization
stability of the proposed approach. The final errors lie significantly below the respective theoretical
upper bounds, suggesting that the training dynamics are well-controlled and that the theoretical
estimates are conservative. These results confirm the practical viability of the method in the presence
of stochastic perturbations.

B. Additional preliminaries

B.1. Difference and Geometry of Different Noise Bound
B.L1. [(Vag(M,w) — Varg(M,0), K)| < Gillwll2|| K|

Here, for a fixed model parameter M, the change in the gradient V;§(M, w) when moving from
w = 0 to a nonzero noise vector w is measured by its projection onto some direction K, expressed
via the inner product (-, K'). This inequality indicates that when the noise changes from 0 to w, the
change in the gradient (with respect to M) in any direction K is bounded by ¢; [|w||2| K| #.

B.1.2. [V g(M,w) = Vag(M',w)||r < pl|M — M|

Here, for a fixed noise vector w, we compare how the gradient V ;§(M, w) changes when the model
parameter moves from M to M. This describes a p-Lipschitz continuity of the gradient with respect
to M. This inequality shows that if the model parameter M changes slightly (while w is fixed), then
the change in V;G(M, w) is controlled by ||M — M’|| ¢ with the proportionality constant p.

B.13. [|[Vug(M,w1) — Vi g(M, ws)||r < Ai|lwy — wall2

Here, for a fixed model parameter M, we compare how the gradient V;§(M, w) changes when the
noise vector goes from w; to wg. This shows that when the noise vector w changes, the gradient
V m§(M,w) with respect to M changes by at most A ||w1 — wa||2.

B.2. Definitions and Notations

In this paper:
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e [, refers to the identity matrix of size n x n.
e M > 0 means that M is a symmetric and positive semidefinite matrix.

o 0;(M) denotes the i-th largest singular value of a matrix M, and X;(M) denotes the i-th largest
eigenvalue of M.

e ||v]| denotes the Euclidean norm of a vector v, while ||M|| r and ||M||2 denote the Frobenius norm
and the operator norm of a matrix M, respectively.

e The inner product (A, B) is defined as tr(AT B) for two matrices A and B of identical dimensions.

e For a matrix M, vec(M) is the usual vectorization operation by stacking the columns of M into a
vector.

The Hessian of the function §(-, -) with respect to the first argument M, denoted as V3,§(-, -), can be
regarded as a quadratic form whose action on any two matrices K, L € R"*™ is given by

d%g
[Virg(M -y oL onin M) Ky L. (B1)
4,7,k =1 i

In this paper, V3,§(M) and V?§(M,w) are used interchangeably since w is an unknown fixed
parameter, and it is impossible to take a derivative with respect to w.

B.3. Distance to Low-Rank Matrices

Define M* € argminys f(M,0). We also characterize the distance of an arbitrary factorized point
X € R™ " to a rank-r positive semidefinite matrix M with the function dist(X, M), defined as:

dist(X, M) = anelg |IX — Z||F, (B.2)
where

Z={ZcR™ |M=2Z"}. (B.3)
Given a matrix X € R"%", define X € R™* X" o be the matrix satisfying

Xvec(U) =vec(XU" +UXT), VYU e R™". (B.4)

B.4. Projection onto a Low-Rank Manifold

Define P,.(M) of an arbitrary matrix M to be the projection of M onto a low-rank manifold of rank
at most r:

Pr(M) = arg Nglér/lw |M, — M| F, (B.5)
where
M :={M e S"*" | rank(M) < r, M > 0}. (B.6)

For problem (1.2), A € R™*" is defined such that Avec(M) = A(M). Finally, define:
h(X,w) = f(XX T, w). (B.7)

The old loss function, it appears this is a quadratic loss: h(X) = >, (A(XXT); — b;).

Theorem B.1. The objective function §(-,w) of (2.4) has a first-order critical point M for every w such
that it is symmetric, positive semidefinite, and rank(M™) < r.

The proof is provided in Section E.
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B.5. Heavy Tailed Analysis

We start with for fixed x, the probability P(r; > x) > P(p; > ),

8Li j — Vi 2
oL h2 nZ Z —p)esp(- %), (B.8)
aLl n — 2

Now we want to prove ar L >3 aL . By Heavy tailed definition and we assume that r; is more heavy
tail than p;, for every real number x:

P(r; > z) > P(p; > z). (B.10)

here r; and p; are noise. A standard result is that if ¢ is any (measurable) function which is non-
decreasing then under mild integrability conditions one has

Elop(ri)] = Elo(pi)]- (B.11)

For a fixed index i one may imagine that the set {p,}7_, (or {r;}_,) provides independent draws
from the underlying distribution. Then for any non-decreasing function ¢ we expect, probabilistically,
that

E[¢(r; — )] < E[¢(p; —pi)]- (B.12)

Thus we can prove that for larger r, which is also w, the effective loss (B.8) is larger.

C. Proof of Lemma 2.2

Proof. In (2.3), we let:

Fi5 (M) = exp ( ((Y; — (A(M) ))hg (Yi - A(M)z-))2> 7 1)
Then:
M) = —ii:log (:LG:fij(M)) : (C2)
So we get: . a
Vug(M) = —% inl m Z Ve fij (M (C.3)
Fis (M) = ( M); ))h; (Y —A(M)z-))Q)_ (C.4)

We have uij (M) = (¥; — (A(M);)) = (¥; —A(M)), i (M) = exp (—2232°)  The gradient of f;;(M)
with respect to M is:

Vi fi(M) = fij (M) - (-2%2(2]\4)) - Varui;(M). (C5)

In this process: u;; (M) = (Y; — (A(M);)) — (Y — A(M);).,V muij(M) = =V yr A(M)j + VarA(M),;.
Using the expressions derived above, we have:

o n;% j 1fzg( Zf” ( h?2 ) Vi U(M)- (C6)

%
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Similarly for M":

R 1 2u;; (M")
Vug(M') =—= fij (M ( J>'V wij (M"). Cc7
LR o ey e ) WL )T (€D
And:
R X 1 2u;; (M)
Varg(M)=V (M) = —— S fii (M (J)-v uij (M
I Vg ni_1<nzj y Jig (M Z ! h? (M)
1 1 2u;; (M)
Nt o 2 fu(M) <—]> - Varug (M) .
<7112j_1fij(M/) n; ! h? !
(C.8)
Let: )
: Zj:l fzj( )
Biy(00) = £ (=248 ) - Vs 0) (C10)
Then:
A 1 n 1 n
Vng(M) _EZAZ'(M) : EZBU’(M) (C.11)
i=1 j=1
Similarly for M":
I 1<
Varg(M') = == Ai(M') -~ > By (M') (C12)
i=1 j=1
The difference is:
1 = 1«
Varg(M) = Varg(M') = —— Z ( ZBU(M) — A (M) = ZBZ-]-(M’)) . (C.13)
=1 j:]- j=1
Bounding the Difference. We can split Equation (C.13) into two parts:
1 n , 1 n ,
EZBz’j(M) —Ay(M') - EZBU(M)
j=1 j=1
(C.14)
1< 1 B
:(AZ(M)—AZ-(M’)).EZBU( )+ (nz ZBZ'J(M/)> .
= -1 j=1
Term 1: (A;(M) — A;(M")) - L > j—1 Bij(M). Since A;(M) = m, we have:
145(M) = A < | e — T (€15)
’ ' = EON L fi (M) T fi (M) » '
Using the mean value theorem for the function f(z) = 1, we get:
1 1 C 1« 1
0 -T== < =3 f(M) = =3 fi (M|
%Za‘:l fij (M) %Za‘zl fig (M) F (% > fm(M))2 s i F
(C.16)
where C'is a constant. Since f;;(M) is Lipschitz continuous with respect to M, we have:
[fi (M) = fi (M) < Lyg||M = M'||p, (C17)
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where Ly is the Lipschitz constant. Thus:

%Zfij(M) - %Zfij(M/
j=1 j=1

Combining Equation (C.18), we get:

< Ly||M — M'||f. (C.18)

F

CLy|M = M'|r

5.
(£ 35y fis(an)
Term 2: A;(M’) - (% iy Bij(M) — 3% Bij (M’)) Since B;; (M) involves f;; (M), u;;(M), and
Vi (M), we need to bound each term:

1Bij (M) = Bij (M) < Lpl|M — M'||, (C.20)

[Ai(M) = Ay(M")||p <

(C.19)

where Lp is a Lipschitz constant that depends on the Lipschitz constants of f;;(M), u;;(M), and
VMUZ‘J‘ (M) Thus:

1< 1
B L BalM) = 53 By < LolM =M (1)
- = .
Combining the bounds for both terms in Equation (C.21) , we get:
Varg(M) = Varg(M')||

1| CLy||M - M 1< C22
<=2 1 f‘l HF2'*ZBij(M)ﬂLAi(M/)'LB||M—M/HF (G22)
(33, £ 0n)
Factoring out | M — M'||p, we get:
IVamg(M) = Varg(M')||
1 & CL 1< (C.23)
w2 | o e L B+ M) L || = M
i=1 (5 Py fz‘j(M)) =1
Thus, we have:
IVmg(M) =V g(M')|r < pl|M — M'||F, (C24)

where p is a constant that depends on the Lipschitz constants Ly and L g, and the terms involving

O
D. Proof of Lemma 2.3
D.1. Jacobian Case
Recall that the function 2.3 regard to the gradient V;g(M, w) is:
" Ofi(M,w)
Varg(M,w) J , D.1
Mm( ZZ] 1me“’)]Z::1 OM (D.1)

where fij (M, w) = exp (_ ((Yj-‘rwj—(AM)j)};(YH-wi—(AM)z:)) )

VJWQ(M7UJ1) - VMQ(M7UJ2) =

1 i E)fij(M, ’U)l) _ 1 " inj(M, U}Q) (DZ)
Z ( n —1 f”(M wl) Z aM Z;‘L:1 fij(Mv ’LU2) ]; aM ) ’

=1
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To bound the difference, we use the fact that the exponential function is Lipschitz continuous based
on Lemma 2.2. Specifically, for any « and y,

le® — || < em =D o —y. (D.3)
Applying Equation (D.3) to our case, we get:
1fi5 (M, w1) = fij (M, w2)||p <

(M n) || = 5 (V5 + w1 = (AM);) = (¥ + wgs — (AM):)) - (D4)
(¥ + 1w — (AM),) = (¥; + oy — (AM)) || .
Simplifying further, we get:
| fij (M, w1) — fii (M, w2)||p < fij (M, wy) - % [ (w1 — wa;) — (w1 — w2i) | f - (D.5)

Combining these terms in Equation (D.5), we get:

A . 2 n n
IVarg(M, w1) = Varg(M, wa)llr < 55 (ZZ [(wij — way) — (w1 — wai)| |45 — A,»|F) - (D.6)

i=1 j=1
Since ||A; — A;||r is bounded by a constant C, we have:
IVag(M,wi) = Varg(M,we)|[p < AlJwy — wa2, (D.7)

where ) is a constant that depends on C, h, and the properties of the function (M, w). This verifies
the given inequality. Let the second w, to be zero and we get the original assumption 2.1.

D.2. Hessian Case

For notational convenience we use Equation (C.1) and Equation (C.2). and if we define S;(M, w) =
i > i=1 fij(M, w),, one may show by the chain and quotient rules that:

n

R 1 1 "
Vug(M,w) = _H;m;vaij(Mvw)a (D.8)

and a second differentiation gives

n

1
VMng n;{ (M, w)?

Zv]ﬂfzg M w ]

.
> Vs fii (M, w)]
(D.9)

j=1
1 2
T S(Lw) ; Vi fij (M, w)}.
Notice that in each term the only dependence on w comes through the combination (Y; +w;) — (Y; +
w; ), so that for any two vectors w; and w; we have
Aij(M,wr) — A (M, w2) = (w1 — wej) — (w1 — wa;), (D.10)

where we set
A (M, w) = (Y +wj — (AM));) — (Y + wi — (AM)),). (D.11)

Because the exponential function is smooth and each derivative (that is, V, f;; and V2 31 fi;) involves

Ay (M, (M, . . .
factors such as exp [ — =% (h2 w)? and 2 e ®) and hlz , a Taylor expansion shows that these derivatives

(and hence also their sums and the quotient factors 1/.5;(M, w)) are Lipschitz continuous with respect
to w. More precisely, if we define
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then using the triangle inequality we can write

T
M ’w1 <ZVMf1] M w1y ) <;va7](M7w1)>

@

T
1
—W(;vaij(Mawﬁ) <;VMfij(M7w2)) (D.13)

)

[ ]\4101 Zv fszwl MU) Zv[fszw2]

(I

[ H (w:) —

F

For notational clarity we denote

(D(w) = m (Z Vo fij (M, w)) (Z Vo fii (M, w))T,

(D.14)
(1) (w) Mw Zv fij (M, w).
Then, by linearly combining these 1ngred1ents and applying the triangle inequality we have
| (wn) = H(ws)|r < ZH (w1) = (D(uz) = (M) = (D(wz)]| . (D15)

¢)) (1)

Then we have the following two terms: 1.For (1): Both the scaling 1/.5;(M, w)? and the gradient sums
>~; Vau fij(M, w) depend on w only through the combination

Aij (M, w) = (Y +wj — (AM));) = (Vi + wi — (A(M))s), (D.16)

which is affine in w. Using the chain rule, one can show that there is a constant L; ; (depending on
h, bounds on f;; and on S;(M,w), etc.) such that

(1)(w1) = W (ws)|| | < Lrallws = ws]la (D.17)

2.For (II): A similar analysis shows that there exists a constant L;; ; such that
D) = @) < Lirallws = wallo (D.18)
Thus, for each index 7 we obtain
@) = @) = (@) = W) | < (Lr+ Liv) Jwn —walls. (D19)

Averaging over i we conclude

n

1
[ H (w1) — H(wa)|F < - Z(Ll,i + LH,i) lwr — wa|2. (D.20)
i=1
Defining
A:li(Lli+Llli> (D.Zl)
nia 7 a

we then have

[ H (w1) — H(w2)|[r < Allwi — w22 (D.22)

Let the second w, to be zero and we get the original Assumption 2.1.
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E. Proof of Theorem B.1

Proof. Given the loss function (2.3), and using the notations (C.1) with the (C.2), we rewrite the
derivative form by:

L (M)? 2u;; (M
Varhy ) =exp (24570 ) (<200 (w00, + VA0 (E)
Thus:
. 1 ¢ 1 . i (M
Varg(M) ZEZ p— ey (M) -ﬁZeXp <— jéz ) )
=13 2y O ( h ) i=1 (E2)
2u (M
(=228 - (A0, + T A0
Simplifying, we get:
1 “ uix(M)Q
Vum Z — -Zexp (— 1 )
nh2 =1 = = 1exp( u”,(l]y) ) j=1 h? (E.3)
~tig (M) - (VarA(M); = Var A(M);) -
To find the critical points, we set VG(M) = 0:
i 1 ul] M)2 —
TZ RS ( eI ) Zexp( )~uij(M)~(VMA(M)¢—VA4A(M)j) = 0.
=17y =1 &XP
(E4)
This equation must hold for all 4. Solving this equation will give us the critical points M.
O

F. Proof of Theorem 3.2

Proof. We want to first prove that (2.3) can be better than the standard squared loss (M, w) =
Y — A%,

. 1 & 1 < A%
9(M,w) = —~ ;—log [n;em <— e ) ; (E1)
with Aij = (Y} +’w]' — A(M)]) — (Y; + w; — A(M)Z) We use:
ri =Y, +w, — AM);, i=1,...,n. (F.2)

Then Equation (F.1) can be written as

n

i; [_ 1og;iexp (J;))] . (F3)

We focus on the loss term for a fixed index i. For a given ¢ define

—log ( Zexp( )2)) . (F4)

We now compute the derivative of L; with respect to r;. Define
_ 15 (rj —ri)?
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Here L; = —log Z;. Then, do differentiate L; with respect to r;. Using the chain rule we have
oL; 107,

=——— F.
(’)ri Zz aTZ‘ ( 6>
Let us now differentiate Z;:
)2
Brl n Z or; ( h? ) (E7)
For any fixed j, note that:
O ( (ry—m)?\ _ 0 (rj—ri)® _ 20y —mi) _ 2(r;—m) F
or; - h? N —67“i h? T h? B h? . ( '8>
Putting Equations (F.6) (F.7) and (F.8) together we obtain:
7“] — 7“1)2 2(r; — 1)
87"1 n Z ( ) hz (E9)
Finally, the overall gradient of the loss with respect to the residuals is given by averaging over i:
BLZ 2 1 - r; —7T; 2
or, = 2 nz 2" ‘“‘)exp(‘%)' (F.10)
3 3 j:1

This derivative shows how the loss changes with respect to the prediction error and illustrates its
robust nature; large errors have a reduced effect because of the exponential weighting. The effective
loss for §(X, w) is (F.3), and according to calculation in Section C, we have:

8g 2 1 n 3 )2
or;  n2h? |7, Y (g —rie + Z R (E11)
i [
! ]752

So the two parts are likely the same. We only need to consider one part. The normalizing constants
(wj—w;)?

Zi =3 j_ye  #* ,areroughly of order n (i.e. Z; = O(n)). The same holds for Z;. Then for the

first term,
w. *“’L)
— Z e (E.12)

we note that if the typical magnitude of w is, say, ||w||, then the difference w; — w; is at most O(||w||).
With approximately n terms in the sum and a normalization factor 1/Z; = O(1/n), we obtain an
overall size:

1 n (wj—w;)? wl?
=D wy —wi)e™ T = O(julle™ ). (F13)
K3 ]:1

A similar argument applies for the summation. In summary, we can write

_ w2

04 _ (llwle”
5w =) (E14)
A similar argument applies for the summation of vectors. In summary, we can write:
Il
0g || _ o (llwlle”
HawH =o(Fam ) (E15)
For the MSE loss defined by:
1 n
Ovse (M, — ith r=Y; i — A(M);, F.16
Mse (M, w) - Z with r +w; — A(M) (F.16)

i=1
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the (partial) derivative with respect to each r; is

ag“:jE = %ri. (F.17)

Thus the gradient norm is:
Hag‘f -0 (':”) : (F.18)
Notice that this derivative is linear in w and hence its magnitude grows without bound as ||w|| — cc.

O

G. Relationship between different loss

To analyze the behavior and robustness of alternative loss functions under noisy observations, we
present the following theorem, which compares covariance-based and kernel-based loss formulations
to the standard mean squared error (MSE) criterion.

Theorem G.1. Let w = (wy,ws, ..., wy,) be a noise vector, and suppose w follows a centered distribution.
That is, for residuals
1 n
i =Y i — A(M);, h — i = 0. G.1
r +w; — A(M);, we have njzz:lrj (G.1)
Define the covariance loss by
1 — (ri —7;)?
Leov(r;) = — ~ I G2
=5 (G2)

Under the centered noise assumption, Leo, teduces to the mean squared error (MSE) loss. Next, define the
exponential kernel loss by

Lep(r) = = S esp((252)7). (G3)

This exponential kernel loss aligns with the following form of an optimal loss:

(M. w) = ii<log[; iexl@( (Y +w; — A(M);) — (Vi +w; — .A(M)i))Q)}>. (G4)

h2
=1

As the noise amplitude ||w|| increases, the exponential kernel loss is suppressed, and the effective residual tends
to be small within clusters. In particular, the weighted average of the residual r; is

) jilrj eXp<_ (r; ;277)2>

; _ , G.5
Zexp(_w) )
j=1 h
and
aLl - ) — T 2
j=

which indicates that Ley;, is not sensitive to large residuals.

Finally, if the loss function is not centered, then both the kernel loss and the covariance loss may converge to
a suboptimal solution that does not match the ground truth. In that setting, even the optimal loss described
above can perform worse than the MSE loss.
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The proof is provided in Section G.1. Theorem G.1 establishes a theoretical relationship between
the traditional mean squared error (MSE) loss and a kernel-based robust alternative by analyzing
the behavior of residual-dependent loss functions under a centered noise assumption. Specifically,
it shows that the covariance loss, defined by normalized pairwise squared differences of residuals,
reduces to the MSE when the noise vector w is centered, i.e., when the empirical mean of the residuals
is zero.

The theorem then introduces the exponential kernel loss, which applies a Gaussian-type weighting
to the residual differences. This loss aligns with the structure of the proposed robust objective
(M, w), where the inner exponential acts to suppress the contribution of large residuals. As the
noise amplitude increases, the exponential weights diminish for outlier points, making the loss
functlon focus on local, more coherent clusters of residuals. The weighted mean 7; and the derivative
Li further demonstrate that this kernel loss downweights large deviations and is inherently more
robust to noise than the MSE.

However, the theorem also cautions that this robustness depends critically on the centering of the
noise. When the noise is not centered, both the covariance and kernel-based losses may fail to identify
the correct minimizer, potentially performing worse than the MSE. This highlights an important
limitation of these methods: their effectiveness relies on structural assumptions about the data
distribution, particularly the unbiasedness of the residuals.

G.1. Proof of Theorem G.1

G.2. For Covariance Loss

We want to analyze the loss function

L(r;) = % 3 % (G.7)

d—m = —5 Z(Ti — ’I"j). (GS)

Assume that the values r; are drawn from a centered distribution, so & > j—17j = 0. Then the
gradient (G.7) becomes
oL _ 2
aT‘i B h?’

(G.9)

Thus, for a centered distribution the gradient of our normalized loss is 2r;, implying that every
deviation from zero is penalized linearly. So such loss function is the same with MSE loss.

G.3. Old Kernel Loss

We start with the old kernel loss function only regard to i:

L(r;) = ijilexp <— (“ . ’"J’)2> . (G.10)

Simplify to obtain the final answer:

5. =~z Z ) exp ( ( h )) : (G11)




G.4. Distribution approximation of w
G.4.1. When the Loss Becomes Good

We start with:

aLz 2 1 " (7" i — 7’2')2
- -l e
3 3 j:1
and we want to choose the value (or distribution) of r; such that the magnitude of this derivative is

small. A natural way to do this is to set the derivative to zero. Ignoring the constant factor — % —,

we see that ,

Z(rj —ryw(rj,r) =0, with w(r;,r) =exp <(TJhQTZ)> . (G.13)
j=1

Thus, if we define the weighted average:

Ti—T; 2
_ Z?:l rj exXp (_( Tz ) )
Ty = , (G14)

n ri—71;)2
Zj:l exp (_%)

the vanishing of the derivative occurs when

This is exactly the mean of the r;’s weighted by a Gaussian kernel centered at r;. In words, the

derivative %f t is small (or zero) when 7; is at the center of a symmetric, tight cluster of points {r;}.

G.4.2. When the Loss Becomes Bad

We start with:

oL, 2 1 < (r; —ri)?
or;  hZnZ Z(rj —Ti) exp(— ’ h? ) (G16)
K2 K2 ]:1
Notice that aside from the overall constant, the value of the derivative is determined by the weighted
sum:
- (rj —mi)*
S(rs) = > (r; = ) exp( ). (G.17)

j=1
Alarge (in magnitude) derivative will occur when the sum S(r;) is as far from zero as possible. To
make S(r;) large, we need the differences r; — r; to have essentially the same sign so that they add

up rather than cancel. This happens when r; is located at one end of the data.

The derivative is bigger (in magnitude) when the points r; are not symmetrically distributed about
r; but are instead all on one side of r;; that is, when r; is at one extreme (e.g. at the left or right
boundary) of the r; distribution.

G.5. Example, when r; follows Gaussian

Assume that the neighborhood values 7, (with k indexing the neighbors, here j) are i.i.d. samples
from a Gaussian distribution

p(r) = \/2;7 exp (— r 2_05)2> : (G.18)

For large n the sums:

(G.19)



can be well approximated by integrals over the density p(r). That is, we have:

i~ /exp(—i(r ;Lzri)?)p(?“)d?%

(r —r;)?

S(r;) ~ /(T — 1) eXp(—T)p(T)dr.

Because the exponential kernel is symmetric, if you choose r; = p, then in the integrals the term
(r — p) is integrated against a function that is symmetric about » = p. In that case, positive and
negative contributions cancel and one obtains S(u) = 0, so that:

(G.20)

oL;
07“1-

=0. (G.21)

Ti=H

Now, if r; differs from p, then the weighting is no longer symmetric. For example, if r; < p, then
most of the weight in the Gaussian density p(r) lies to the right of r; (i.e. for r > p) and thus most
terms in S(r;) are positive; similarly if ; > u the sum is negative. In both cases, the difference |r; — |
produces a nonzero—and generally larger—value of | gfl |, since the cancellation in the weighted
sum is diminished.

H. Rough Bound and For the Kernel Loss

H.1. Rough Bound For ||A||r = |M — M*||r

Lemma H.1 (Behavior of §(M,w) Around Local Minima and Ground Truth). Let §(-,w) be a twice-
differentiable loss function, and suppose V3,G(M*, w) is positive definite at the ground truth minimizer M*.
Define A == M — M*, the loss function (M) is from (2.3), if we left the Ain (V3,G(M*, w)) uncomputed,
then we have:

(A) (Case: M is a local minimizer near M*) If M is a local minimizer of § close to M*, then

2
Amilﬂ (v%\/[g(M*a U})

INM=M%th§¢ 7 [904.0) - 5001+, w)]. (H.1)
Moreover, as the noise level ||w|| increases, || A|| g does not increase linearly but instead exhibits an expo-
nential decay trend in ||w||. In this regime, the new loss §(M, w) is smoother (it has a smaller Lipschitz
constant p), and consequently M transitions toward M* when ||w|| decreases.

(B) (Case: M is a local minimizer not at M*) Alternatively, consider a local minimizer M that is not the
ground truth M*. Assume ||A||p cannot be made arbitrarily small. Then one may write

Al = 13— AL = ) 2 a2, 0) - 501, ). (H2)

for some constant L > 0. In this scenario, as ||w|| grows, ||A|| g can grow faster than linearly in ||w)||. Here
the kernel loss exhibits a rougher landscape (with a larger Lipschitz constant p), and hence when |Jw||
decreases, M may actually move away from M*.The loss function still becomes smoother as ||w|| changes,
but the local minimum remains distant from the ground truth.

The proof are provided in Section I. In short, (A) describes a desirable regime in which § is smooth
and strongly convex near M*, causing A to shrink with decreasing noise; (B) describes a regime
where a spurious local minimum persists, with A potentially growing under increased noise and
not converging to M™.

Lemma H.1 characterizes the behavior of the proposed loss function §(M, w) in the neighborhood
of the ground truth minimizer M*, under the assumption that the Hessian V3,§(M*, w) is positive
definite. The lemma considers two scenarios depending on the location of a local minimizer A/
relative to M*.
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In case (A), when M is a local minimizer close to M*, the difference |A||r = ||M — M*||r can be
bounded above by a term proportional to the square root of the suboptimality gap, scaled by the
inverse of the smallest eigenvalue of the Hessian at M*. Importantly, due to the structure of §(M, w),
this bound implies that as the noise norm ||w/|| increases, the effect on ||A| ¢ is not linear but rather
decays exponentially. In this regime, the loss landscape becomes smoother (i.e., has smaller gradient
Lipschitz constant p), and M tends to move closer to the ground truth as the noise level decreases.

In contrast, case (B) considers the situation where M is a spurious local minimizer not coinciding
with M*, and the deviation ||A||r is non-negligible. In this case, a lower bound on ||A|| g is given in
terms of the suboptimality gap and a generic smoothness constant L. Here, || A||r may grow faster
than linearly with ||w||, and the loss landscape becomes rougher (with larger p). Even though the
overall smoothness of § improves as ||w|| changes, the minimizer M does not necessarily converge to
the ground truth, highlighting the sensitivity of the optimization process to local geometry.

This lemma therefore distinguishes between a favorable regime (near-global minimum) where
robustness and convergence are preserved, and an unfavorable regime (spurious local minimum)
where robustness may deteriorate despite the loss surface becoming smoother in a global sense.

H.2. Lower Bound For \,.;,

Lemma H.2 (Lower Bound on the Minimum Eigenvalue of the Hessian). Let §(M,w) be a smooth
function defined via a kernel-smoothed loss involving the operator A, and suppose that: the operator A satisfies
the Restricted Isometry Property (RIP) with constant 6, in Equation (2.6), The residual terms z;;(M*) are

uniformly bounded: |z;;(M*)| < B. The kernel average G;(M*) = L Z?zl exp (—ﬂ#) is bounded
below: Giin = min; G;(M*) > 0. The smoothness constants satisfy:

Ly =2(1+6,), L2=0. (H.3)

The Hessian V2,§(M*,w) is symmetric positive definite, with v V3,§(M*,w)v > c||v||? for some constant
¢ > 0and all v. Then the minimum eigenvalue of the Hessian satisfies the lower bound:

>\min (vi[f}(M*a w)) Z c, (H4>

where an explicit expression for ¢ is given by

2 2B2 4
=G (LZ{ (1 + h2> + BLQ) + WBQL% (H.5)

min

The proof is provided in Section 1.4. Lemma H.2 provides a lower bound on the smallest eigenvalue
of the Hessian of the smoothed loss function §(M, w), evaluated at the ground truth matrix M*. This
result is important for establishing local strong convexity, which in turn guarantees stability and
convergence of optimization algorithms near M*.

The lemma assumes that the loss function is constructed using a kernel-based smoothing over
residuals defined by a linear operator 4 that satisfies the Restricted Isometry Property (RIP). Under
this condition, as well as uniform boundedness of the residuals z;; (M *) and the positivity of the
kernel averages G;(M*), an explicit lower bound ¢ for the minimal eigenvalue is derived. The
expression for ¢ depends on the kernel bandwidth parameter &, the residual bound B, the RIP
constant d,, and the kernel average lower bound G yin.

Crucially, this bound ensures that the Hessian V3,§(M*, w) is well-conditioned near M*, with
eigenvalues bounded away from zero. This guarantees that §(M, w) is locally strongly convex around
the ground truth, which is essential for ensuring that gradient-based methods converge efficiently to
M* and that local perturbations in M lead to bounded variations in the objective.
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I. Proof of the main Theorem 4.1

I.1. Error Upper Bound

Lemma I.1 (Upper Bound on the recovery Error). Let §(M,w) be a smooth loss function with minimizer
M* at fixed noise w, and suppose the Hessian V% ,g(M*, w) is symmetric positive definite, with smallest
eigenvalue Ain (V3,G(M*,w)) > 0. 6 > 01is a constant and R(w) is a auxiliary residual term. The residual

term R(w) is bounded by
w e—u72

Then the estimation error satisfies the upper bound

- M max 2 2(1 + 0)R(w)
0=l < {\/Aminwifg(M*,w))’1—6—Amin<V%fg<M*,w>)}‘ (2

The proof is provided in Section 1.9 together with the tight estimation of Apin(V3,9(M*, w).
Lemma I.1 provides an upper bound on the estimation error ||[M — M*| r between a candidate
solution M and the true minimizer M* of the kernel-smoothed loss function §(M, w), in the presence
of fixed noise w.

The resulting bound has a two-part structure. The first term corresponds to the curvature-controlled
region, where small suboptimality in §(M, w) implies proximity to M* via standard strong convexity
arguments. The second term dominates when the residual term is significant, capturing the influence
of noise through the interaction between R(w), the loss curvature, and the parameter J. Notably,
due to the exponential decay of R(w), the estimation error does not grow linearly in ||w||, indicating
robustness of the estimator even under moderate levels of noise.

I.2. Gradient Continuity Result

Lemma .2 (Continuity of Gradient with Respect to Noise). Let (M, w) be the smoothed loss function
depending on noise variable w, and suppose that the data residuals z; — z; satisfy Assumptions 2.3 and 2.1,
which is: |z; — z;| < C||w|| for some constant C' > 0 and all relevant i, j. Assume also that the operator
A satisfies the RIP condition with constant 6. Then the gradient of G(M,w) with respect to M is Lipschitz
continuous in w, with Lipschitz constant A satisfying

IVarg(M,w) = Varg(M, 0)[| < Awl], (13)
where the Lipschitz constant is bounded above by
d R 8(1 —+ 5) 2
= — M < v L4
a= [ nione)] < e 14)

The proof is provided in Section I.11.

Lemma I.2 establishes a form of Holder-type continuity for the gradient of the smoothed loss function
g(M,w) with respect to the noise variable w. Under the assumption that the data residuals z; — z;
grow at most linearly in ||w||, and that the measurement operator A satisfies the Restricted Isometry
Property (RIP), the gradient V;G(M, w) is shown to be Lipschitz continuous with respect to w, with
an explicitly computable upper bound on the Lipschitz constant A.

Importantly, this upper bound decays exponentially in ||w||, which reflects the robustness of the
kernel-smoothed loss to large noise perturbations. Unlike traditional losses where gradient sensitivity
may grow linearly or quadratically with noise, the bound here reveals that the influence of noise on
the gradient diminishes rapidly as ||w|| increases—due to the presence of exponential terms in the
kernel weights. This behavior is characteristic of smoothing via Gaussian kernels and is key to the
stability of the optimization process in high-noise regimes.
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1.3. Upper Bound For | M — M*||r

We want to use the Taylor expansion of such loss. Under the assumption that g is twice differentiable
in a neighborhood of M*, we have

~ ~ * ~ * 1
Since M* minimizes § (at least locally), Vs g(M*, w) = 0, so that to second order we have

QULUO—QUWﬁw)=%UMV%@UTﬂwHAD+OWAﬁ& (L6)

This local strong convexity (or quadratic error bound) is beneficial for optimization—gradient-based
methods will enjoy a linear (or even faster) convergence rate provided their step sizes are chosen
appropriately.

e (_((Yj +w; — AM*);) -

(Vi + w; — A(M*),))?
h2

G(M,w) — §(M Zlog =
" EZ%p( (¥; + w; — AM);) -

(Yi + wi — A(M),))”
h2

(L7)

tge()
= ’ (18)

with Z,’j(M) = ((Y} + wj; — .A(M)j) - (Y:L + w; — A(M)’L))

Then we have

1 n
w) = —— ; log {Gi(M)} . (19)
A standard application of the chain rule shows that, for a given 4,

and hence the Hessian (i.e. second derivative with respect to M) satisfies

V%kngMdz(%MQVQG4M>—EgéﬂﬁchwwnvMaxMﬂi (L11)
Thus,
V3a,6(M,w) ——fZVQ log G;(M)
- (1.12)

- _% Z {GL(ljw)V?sz(M) - vaGi(M)VMGi(M)T} :

i=1

For completeness we now indicate the first- and second-order derivatives of G;(M). Note that only
the dependence of G;(M) on M appears through the residuals

2 (M) = (( + w; = AM);) = (Y; + wi — A(M)y) ). (L13)
so that using the chain rule we obtains
Z 2 Ziq
VarGi(M) = fZeXp< i = M) ) (2 1;1(2M)> [—VMA(M)j +VMA(M)Z}, (L14)
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or, equivalently,

VMGz(M) - % Zexp(i legl]y)z)zm(M) |:VI\4.A(M)1 - VJ\/IA(M)j . (115)

J=1

Likewise, one may differentiate once more to obtain

ViGi(M) = % iexp(—W) { [VMA(M)i - VMA(M)j:|

(I.16)
T 2z;: (M 2
x [VarA(M); = VarAM); | <1 - %}52)> + 255 (M) [ V3 AM); - V3, A(M)] }
We start from: )
(M, w) = §(M",w) = S(A, Vi g(M, w)[A]) + o(| A7), (1.17)
where A = M — M*. Assume that the Hessian at A/* is (strictly) positive definite from B.1 and let
Amin = Amin (V3 9(M*, w)) (118)
denote its smallest eigenvalue. Then, using the spectral properties of the Hessian,
(A, Vg (M*, w)[A]) = Aminl| A7 (1.19)
Thus, for ||A|| sufficiently small (so that the o(||A]|%) term is negligible) we have
. - 1
1813 < (90, w0) = §(M*, ). (121)
Taking square roots of Equation (1.21) yields the desired bound for A in Frobenius norm,
INEE: - (00, w) — 401+, w)). (122)
>\min (ng(M*v w))

This provides the upper bound for the deviation A = M — M* in terms of the function gap and the
smallest eigenvalue of the Hessian at M *. This result is Section H.1

1.4. Lower Bound For )\,

Then we want to compute the upper bound for Anin. Firstly we want to calculate the bound for
Vi AM); — Vi AM), ||, and ||V3,A(M); — V3, A(M);|| < L, We begin by noting that RIP condi-
tion

(1= )X < |AX|E < (1+6,) X[ (1.23)
We set f(M) = || AM||%. Because A is linear, this function is quadratic. Let us compute its gradient
and Hessian.

V(M) — V(M) = 2AT A(M; — M;). (1.24)
Taking norms and using the fact that all singular values of A" A lie between 1 — §, and 1 + §, (from
the RIP condition) we deduce

IV F(Mi) = VM) < 2 AT AJIM; = M| < 2(1 + 6) | M; — M. (1.25)
Thus
Ly =2(1+6p). (1.26)
Differentiating the gradient (I.25) we see that the Hessian is
V2f(M) =2AT A, (1.27)
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which is independent of M. (In other words, the Hessian is constant throughout the domain.)
Therefore, for any two points M; and M; we have:

V2 f(M;) = V2 f(M;) = 0. (1.28)
Thus the Lipschitz constant for the Hessian (i.e. the constant L, satisfying
IV3AM); — V3, AM);|| < Lo || M; — Mj] (1.29)

can be taken as Ly = 0 < C. This result is a direct consequence of the fact that for a quadratic
function defined by a linear operator the Hessian is constant.

IVarA(M)i = VarA(M);| < L (1.30)
IVALAM); = V3, AM);| < Lo (131)

Here Suppose also that the residuals are bounded in absolute value,
|zij(M™)| < B, foralli,j. (1.32)

Also, note that for each i the quantity

Zexp( i *)2) (L.33)

is a positive average. Define the minimum of (1.33) over i by
Gmin = min G;(M™). (1.34)
Since the exponential is always positive this is bounded away from 0 under Assumption 2.1.

Bound the norm of the first derivative V;G;(M*). We have
ZZJ )2 * * *
VarGi(M h2 Z ex ( )zij(M ) [VMA(M )i — Var AM*); . (1.35)

Using the bounds, we get
2

H — h2
since the exponential is at most 1. Now we want to bound the norm of the second derivative
V2,Gi(M*). Its schematic form is

V3,Gi(M*) = h2z

IVMGi(M™)[| < .5 BLy, (1.36)

2
245 (M

{{VM.A(M*)i - VMA(M*)J}
%ﬁl*)g) + 23 (M) [V?MA(M*%‘ - V%A(M*)j}

(1.37)
Taking norms and using triangle and sub-multiplicative properties we obtain an upper bound of the
form

x [VMA(M*)i - vM,at(M*)j]T x (1 -

V2,6 (MY < = <L2(1 + 2:;2) +BL2> . (138)
Now, look at each term in the Hessian from Equation (1.37). The first term contributes
’G (}\4*)V 2, Gi(M*) ﬁ (L2(1 + 27322) + BLQ) , (139)
and the second term gives
|12VMGZ»(M*)VMGZ»(M*)T ——IVMGi(M*)|? < 24 cB’LY. (1.40)
[G,(M*)] Gmm G2, ht
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Because the Hessian V3,G(M*, w) is an average (with a minus sign) of these terms, a bound for its
operator norm is

1 & 2 2RB2 4
IV3g(M",w)l| < > {GhQ (L2(1 + ?) + BL2> oz B (1.41)
i=1 min mm
Since the bound is uniform in 7, we obtain
R 2B?
V30 )l < oo (B (14 250) + 8L ) + B2 (142)

From Assumption B.1, one can reasonably assume that—in view of the problem’s structure—there
exists a constant ¢ > 0 such that

v V2,9(M*,w)v > c||v]|?, forallv. (1.43)
Then one may choose
Amin (V39(M*, w)) > c. (1.44)
In summary, one obtains an explicit lower bound (depending on h, B, Gpnin, L1, L2, and the problem
dimension) of the form

_ 2 , 2B? 4 L,
mln (VMg( ’lU)) Z ¢ with c¢= m Ll 1 + ? + BL2 G2 B L17 (I45)

I.5. Upper Bound For | M — M*||p

Now we want to calculate the lower bound for §. We start from the second-order Taylor expansion
around the optimum M*. Defining
A=M-—- M, (1.46)

we have )

G(M,w) = §M*,w) = (A, V3, w)[A]) + o(|A). (147)
Assume that in a neighborhood of M* the functlon ¢ is twice differentiable and its Hessian satisfies
the following two assumptions:
Assumption 1.3 (Strong Convexity). There exists Apin > 0 such that for all A,

Assumption 1.4 (Smoothness). There exists a constant L > 0 such that for all A,
(A, Vi g(M*, w)[A]) < LA (1.49)

Then the Taylor expansion yields the following two-sided bounds for small A: Using strong convexity
we obtain )

§(M,w) = §(M*,w) = SAmin | AllF + o([|A]7). (1.50)
Neglecting the higher-order term for sufficiently small A and rearranging gives an upper bound on
[AllF

2 1. .
I8l < /52 o0 w) - 921+, ). (151)
Using the smoothness (an upper bound on the Hessian) we similarly obtain
. o 1
(M, w) = §(M",w) < SLIAIF + o A]17), (1.52)
so that for sufficiently small A
27, X
INPENETTRA R (153
Thus, the lower bound for ||A|| ¢ is given by
2 .
I8l 2 /2 G0 w) - 301+, w). (154)

Here L is an upper bound on the eigenvalues of V3,G(M*, w) (or equivalently a smoothness constant
for §). In many practical settings one might be able to compute or bound L using known Lipschitz
constants of the components involved in g.
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I.6. MSE case
1.6.1. Optimization Landscape | M — M*| r case

Given that for any matrix M the linear operator A satisfies the Restricted Isometry Property
(RIP) (2.6). The function is
FOM) =Y 4w — AM)|[3. (1.55)

r(M) =Y +w — A(M), the function can be written as f(M) = (r(M),r(M)). Taking the gradient
with respect to M yields V f(M) = —2A4*(r(M)), and then the Hessian (the second derivative with
respect to M) is V2 f(M) = 2A* A. Notice that this Hessian is independent of the value of M. In
particular, at M = M*, we have V2f(M*,w) = 2A* A. For any matrix R,

(R, A"A(R)) = (A(R), A(R)) = [lA(R)|I3. (1.56)
Thus, for the Hessian we have
(R, V2f (M, w)[R]) = 2| A(R)|3, (157)
and consequently,
2(1 = &) IRIE < (B, V2 f(M", w)[R]) < 2(1 +6,)||IR%. (1.58)
The smallest eigenvalue is thus at least
Amin (Vi f(M*,w)) > 2(1 = 6,). (159)
Then we have: | _ 36
F(M,0) = f(M*,0) > 6|[M = M*|[f + —5 | M — M| (1.60)
Now, since the full difference is a sum of the noise—free part plus a noise correction we may write
F(M,w) = f(M*,w) = [£(M,0) = F(M*,0)] + B(w), (L61)
Now we want to calculate E(w)
FM w) =Y +w — AM)|3, (1.62)
and in the noise—free case
F(M,0) = [y — AM)][3. (L63)
We set:
Ul ZY—.A(M) and (75 :Y—.A(M*). (I64>
We also set:
FMw) = Y = ABDIE + 2(Y — AM).w) + [[w], (165)
FOMLw) = [[Y = ADL)|5 +2(Y = AM"), w) + w3,
Consider the difference f(M,w) — f(M*, w):
F(M,w) = F(M*w) = [IY = A - [V = AM) 3]
+2[(¥ = AM),w) = (¥ = AM*),w)] + [l - ]3] (166)
= [£04,0) = £, 0)] +2[ (¥ — A, w) = (¥ = ADL) ).
E(w) = 2[(Y = A(M),w) = (Y = A(M"), w)]. (L67)
Notice that:
(Y — A(M),w) — (Y — AM*), w) = (A(M*) — A(M), w). (L68)
Thus, we obtain
E(w) =2(A(M*) — A(M),w). (1.69)
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For low rank recovery shown in [32], we still have:
|F(M ) = FOM7, )| 2> =2 IM = M~ [ B(w)]| (170)
Using the Cauchy—Schwarz inequality we have
|Ew)] = 2| (AM") = AM), w)| < 2JAM*) = AM)|z]je]. (171)

Again applying the (2.6), we obtain

IAGM*) = AM) 2 < VIF3|M — M*| . (172)
Thus,
|E(w)| < 2v1+6[|lw||[|M — M*||p. (L73)

Taking absolute values and using the triangle inequality on (1.66), we conclude that

£, w) = fOr )| < [ £(21,0) = 127, 0)| + [ E(w)]

(1.74)
< (L4 0)IM = M*|F +2V1 + 8|lw|||M — M*| .
With the previous result (1.51):
* 2 *
IM = M} < [ £ w) = F(M"w)]. (175)
Amin (Vi f(M*,w0)) > 2(1 = §,), (L76)

Put Equation (1.75) and (1.76) into (1.74), we have derived an upper bound on the function-difference:

FM w) = fF(M*,w) < (1+8)[|M = M| +2v1+ 8|lwl|M — M*||p. (L77)

2
1M = M) < 5

min

(L4 8)IM = M3+ 2T+ 3wl | M = M| . (178)

Since ||M — M*||r > 0 and 6, > 0, reversing the inequality leads to:

(201 +8) = Auin) [ M — M*[[3 — 4/ TF llwl|[[M - M| <. (1.79)
V146
||M—M*HF§¢. (1.80)
p
Thus it is:
M — M*||r = O(|Jw])). (1.81)

I.6.2. Holder Continuous Case

Since the derivative is independent of w, we get

A= sup
£€[0,w]

d‘vaMﬂM,é)H . (182)

Often the Restricted Isometry Property (RIP) guarantees that the operator A satisfies
A(X)|l2 < V1+ || X||r, which implies that the operator norm of A is bounded by /1 + 6. Since
the operator norm of A* equals that of A, we have ||.A*|| < v/1 + ¢. Thus, we obtain the upper bound

A=0(1), moreprecisely A <2v1+54. (1.83)
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I.7. Intermediate Result and Proof of Lemma 1.5

First, we want to prove the intermediate result:

Lemma 1.5. With the assumptions in (2.3) and (2.3) loss function, suppose we have RIP 2.6 conditions and
M* is the ground truth matrix, we have:

) T . 1-36 .
§(M,0) — §(M*,0) = SIM — M|} + =M — M. (1.84)

Proof. Define M :== XX T and

_ . 1 .
Mi=N— —— Vy f(M,w). 1.85
e V(L) (185)
Additionally, define ¢(-) as
- . 1+4d6+ -
G(M) = (Var fOVT,w), M — 51) + =2 E 2y i (186)
Now,
1404 Cag -2 1+04+ (g . 1 ’ 2
SNSRI L[ Vg v [ N R DL Y], S ) gEp— TV
5 | i3 B | + 1+5+C2quf( ;w7
_ 10+ G e y Y
1 .
S v/ M, 2

= ¢(M) + constant with respect to M.
Next, we apply the Taylor expansion to f(M,w) at M and combine it with the RIP property to obtain

. . N ey g .
FOM* w) > FNEw) + (Vg (), M7 = 61) 4 22 =T . (188)
Additionally, by expanding at M*, we can also write:
. . 1-6— .
PO w) — F(M*w) > (Far fM* ), 5T — M) + 22U N e
G ) (1.89)
> =5 IM = M|E ~ G| M~ M|
0
I1.8. Proof of Main Theorem (Theorem 4.1)
We start with the definition:
1 n
§(Mw) === log [Fi(M, w)}, (1.90)
i=1
with
_ 1y A (w)?
Fi(M,w) = — jz::lexp ( 73 (1.91)
and
Aj(w) = (Vi +w; = AM);) = (Yi+ wi = AM);). (192)
Az(w)Q Az(w)Q 2Az(w)
Vo exp [— Jh2 } = exp {— JhQ = };72 Vi (w). (1.93)
Note that:
Aj(w) = (V5 + wy) = (¥ + wi) — [A(M); = AM),], (194)
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so that:

Varlij(w) = =V [A(M)j - A(M)l}. (195)
Thus, we obtain
VarFi (M, w) = —Zexp[ = (w)* } QAhQ( ) s [A(M)j —A(M)Z}. (1.96)
with its gradient: .
Varg () =~ S SV (M) (197)

Substituting V , F; (M, w) into (1.96) gives

" Ze [ )2} A (w)V [A(M)j - A(M)i]

2 n
Varg(M,w) = 55— ; P (1.98)
Therefore, the difference between the gradients is
n A7] (w)2
2 n Z . €Xp [— > Ai (UJ)VM A(M) i — .A(M),
Vag(M,w) = Varg(M.0) =55 33 = b A, |
h2n n Aij(w)?
ST ey
A _(0)2 o " (199>
Sy exp [~ 2485 Ay O)Var [AM); — A(M),] }
S
We assume w ~ 0 and we can simplify this by:
n A77(’LU)2
) 9 Ou [ 2o exp [~ = | Aij(w) Vs |[AM); — A(M);
ng(MDU))_V (M O) 792 Z - [ n :| A 0|:2 :|
hn S exp[_ u()}
- o " (1.100)

Z;'L=1 exp {* Ai;L(QO)z} A (0)V s [.A(M)j _ A(M)l} }
2?21 exp |:—A7Jh7(20)2:| .

Because the noise only enters via A;;(w) = A;;(0)+ (w; —w;), we first write the term in the numerator
of the Equation (1.100) as

Thus, the whole difference inside the braces can be written as
exp [f A“};w)z} [Aij(O) + (wj — wl)} — exp {— Ai;}go)Q}Aij(O)
= {osp - 220y - )+ [oxn [ 2250 exp[- 2501 | 4,0},
(1.102)

We now substitute this back into (1.100). Keeping the exp[—A;; (w)?/h?] factor intact, our first-order
(in w) approximation for small w is:

[A,»j(()) + (w; — wi)]. (1.101)

n

)2
Vag(M,w) = Varg(M, 0) ~ hgn P : Ai-(o)z} ’ Z{exP{_ A”11(2 ) }(wj —wi)
A D '

Jj=1
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So we have:
1
G(M,w) — §(M*,w) = / <ng<M* LM — M*),w),M - M*> dt. (1.104)
0

Next, we decompose the gradient into its noise—free part plus its noise-dependent correction:

Varg(M,w) = Varg(M,0) + [Varg(M, w) = Varg(M, 0)] (1105)
Thus, we write:
1
G(M,w) — §(M*, w) :/ <ng(M* (M — M*),o),M - M*> dt
o (1.106)
+/ <AVM§(M* (M — M*),w),M - M*> dt,
0

where

AVug(M,w) = Vag(M, w) = Varg(M,0). (1.107)
The first term of Eqation (1.106) is the usual noise—free difference §(M,0) — g(M*,0). Now, using
our previous approximation (1.103) we have:

AV (M, w) ~ hg 3 1 - Xz{exp[mgh(g ) }(wj )

~ A;(0)? —
i=1 exp J j=1
; [ h? } (1.108)
Ai' w 2 Al 0 2
+ [exp [f%} fexp[f 2(2) HAU(O)} X Vs [A(M)j fA(M)Zv].
Here we want to recall our notations:
Aij(w) = Ay (0) + (w; —w;) with Ay(0) = (Y— - A(M) ) - (Y; - A(M),—). (1.109)
N P . 1
Hw) 0 )~ [a01,0) ~gr0)] + 12 [ 3 g
i=1 Z
n (1.110)
Ayj(w)*y, Ajj(w)? A (017
3o [ 258 i, -+ o[22 - exp[f sy
x (Fr [A(M" +4(M = M*)), = A(M* + (M = M*)),|, M = M* ) dt.
We are given a lower bound on the noise-free part from Equation (1.70):
~ ~ * * ]‘ *
§(M,0) = (M ,0) = 80 — M [+ 222 ar - . (1111)
so that: 1§
§(M,0) = §(M*,0) > —— | M — M. (L112)
Now, since the full difference is a sum of the noise—free part plus a noise correction we may write:
§(Mw) = §(M*,w) = (M, 0) = §(M*,0)] + E(w), (L113)
with
2 Mt 1 - Ayj(w)?
E(w) —/ — X exp | ——2- 2 | (w; — w;)
h2 ZZ { (0)2} Jz_:l{ [ h? } J
(I1.114)

o4 o 2400

Vi [A(M* (M — M*))j - A(M* (M — M*))J,M - M*> dt.

X
PN
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Taking absolute values on Equation (1.113), we obtain by the triangle inequality

19

At this point, we may bound the correction term || E(w)|| by assuming that the perturbative factors
and the derivative of A(-) are bounded. Assume that there exists a constant L > 0 such that:

(M) — g0, w)| 2 15201 — b | B )| (L115)

HVM [A(M* (M — M*))j - A(M* (M — M*))J H <L=1+3, (L116)
and denote by:
n n w)?
R(w) := hnte Z Z‘ [ }(wj—wi)
WS Z { ] B (L117)
+[exp [—Lijhg )2} — exp [—Li;gOFHAM(O)‘.

We need to mention that actually R(w) < 0. Then we may bound
[E(w)|| < LR(w)[M — M*||¢. (1.118)

In summary, we have the lower bound

1-6
§(M,w) = (M, w)|| = ——|[M - M*||% = (1 + &) R(w)||M — M| F. (1119)
1.9. Finally We Calculate the Upper Bound For ||AM/ — M*| ¢

we recall that:

2 2B2 4
Amin (V3,9(M*,w)) > ¢ with c¢= reRY (L% (1 + hQ> +BL2) + ———=B?L%, (1.120)

IA|F = |[M — M*||p < \/A [Q(M,w)fg(M*,w)}, (1121)

2
min (V%IQ(M*> w))

where Apin (V3,§(M*, w)) is the smallest eigen-value of the Hessian at M*:

. 2 1-9¢

| — M| < A (=5l = M3 = (1 ) R(w) M = M| . (1122)
)\min (V?\/IQ(M*7 ’LU))

To eliminate the square root, square both sides (noting that all terms are nonnegative):

2

" 1
1M — M*|% < N CEIT) [ >

210~ MF - (4 S)R@)|M - M lg]. (1123)

Multiply both sides by Amin (V?WQ(M*, w)) :

A (V39(M ) ) 1M = M¥[3 < (1= 8)[[M = M* [} = 2(1 + O)R@)|M — M. (1124)
Rearrange by bringing all terms to one side:
2(1+0)R(w)
(= Awin (V380 w)) +1-6 )

|M — M*||Fp < (1.125)
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Recall that:

n n

Rw) =gy s 32— 3y )
=1 Ze—Aij(O) /h* =1 (L.126)
j=1
and: o= iy (w)?/h? (w; — wy), (1.127)
o~ Aij(w)?/h? (w; —w;) = (9(@*“’2|wj — wjl). (1.128)

We assume smooth dependence on w based on Assusmption 2.3, then a first-order Taylor expansion
(and using Lipschitz properties) gives:
A (w)2/h2 AL (N2 /B2 _w? Wy — Wy
R LT News — wil] e ”), (1.129)
Multiplying by the bounded ||A;;(0)|| we obtain an additional term whose order is also
—w? [[wj — wil
o(e T) (1.130)
After summing over j (and ¢) and dividing by n, these estimates lead to
1 e
R(w) :(’)(ﬁe " mae —wiH). (1131)
When the differences ||w; — w;|| are controlled by a norm ||w||, we may write:
2
wle”"
R(w) = O(H@T) (1132)
Putting (1.121) and (1.125) together, the error-bound is:

§ ) 2(14 ) R(w)
M — M*||p < max 5 , , 1.133
H = {\/Amin (VRO w0) " (= i (V3,907 w)) +1-6) } 1153

We then have a approximation term (with respect to w): 2_ — O(1) and a term that depends on

/\min

w: 2R O(R(w)) =0 <|w||heQ“’2> . Therefore, the final result is:

_)\Illi!l+1_6
—w?
|M — M*||r :(’)(max{l,wu};}>. (1.134)

with probability at least P(||w]2 < €)

N ce=

1.10. The Turning Point For the Upper bound

Write the inequality when term 1 of (1.133) is larger than term 2 of (1.133):
2 214 0)R(w)

We now wish to determine when these two terms are of comparable size. That is, when O(1) ~

(@) (W) Thatis ||w|e=*" ~ h2. When |jw|| is very small the exponential may be approximated

by e~ 1, so that
wlle™" ~ lw]. (1137)
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Then the condition becomes ||w| ~ h?. When ||w|| is larger the product ||w|| e~"" achieves a maximum
at ||w|| = %, since

d 1
%(nwne*w?) —e ' 1-20}) =0 = w’= 5 (1.138)
The maximum value is %eil/ 2. Henceif h? > %6*1/ 2, then even the maximum of the w—dependent
term does not exceed a constant and the constant term dominates. Thus, summarizing the comparison:
For very small ||w/|, specifically when |Jw|| < h?, with probability at least P(||w||> < €), we have

2
ee” ¢ €
T, = 0(7) - O(ﬁ) < 0(1), (1.139)
so the error is dominated by the constant term 7. Conversely, when e and h are such that e ~ h?,
(which for small e roughly means e ~ h?) the two terms become comparable. In other regimes (for
instance if h? is very small compared to the maximum value %6*1/ %) the e-dependent term may
become larger than the constant term. Any answer that shows the turning-point is determined by

2
ee™¢ ~ h2.

I.11. Continuity Study of New Loss

We now provide the full proof of Theorem 4.2, establishing the stated continuity property under the
conditions specified earlier.

Proof. Based on Assumption 2.1,

IVarg(M,w) — Varg(M,0)]| < Aljw]] (1.140)

So we have: p
A= sup ||—Vmg(M,E)|. (L141)

gefo,u] | dw

Differentiating V§(M,w) with respect to w, we encounters two types of contributions:

(z5—2:)°

exp (— T) introduces the chain-rule factor:

4 exp(—i(zj _ Zi)2) = eXp(— (2 — Zi)2) <—2(Zj — Zi)) d (25 — 2i). (1.142)

dw h2 h2 h2 dw

Since - (z; — ;) = I (for the appropriate components) the derivative includes a factor proportional
to
2 (25 — 21)?

Under a worst-case scenario the size of z; — z; may be bounded by a quantity that depends linearly
on ||wl||. In many applications one may write for some constant C' (which may absorb additional
contributions from the data Y and .A(M)) derivative includes a factor proportional to

25 — zill < Cllw]|. (1.144)
Then one obtains an extra factor of order

2C||w C?||lw||?
}1|2 H ex (—7]!2 | ) (1.145)
Meanwhile
Vi AM)[| <1+ (1.146)

Combining the above equation and Equation (1.141), one obtains that the norm of the mixed deriva-
tive satisfies

d 8(1+9) ?
a( M < w 1.147
HdeMg( w)H < =g lwlle™, (1.147)
Then, with probability at least P(||w||2 < €)
d . 8(1+0) _.2
— < ——" € .
Hdeng(M’ o)l < et (1.148)

O
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J. Proof of 6 Condition

J.1. Proof of Lemma 5.1
From [32], we already know that:

N P N . 1-36—3 N . « .
9, w) = G w) = (5 -+ Goa) |31 — M > 2222320 iy A g8~ M G1)
with:
G> U1~(1+(5+§2q); (]2>
and:
2
Allp =|IM - M*||r < g(M,w) — g(M*, , 3
[A[lF = | |Fr < \/Amin(vﬁfé(M*,w)) 9(M,w) — g(M*,w)| (J.3)
with:

Ly =2(146,). (J.4)
Now we rewrite Equation (1.45),
9 s rn . 2 9 2B? 4 99
Amin (V3 G(M*,w)) > ¢ with c= e Li\1+ =5 |+ BLs | + =3 B, (J.5)
Combining Equation (J.1) and (]J.3), we observe that:

1-30—3Cq  2(6+Cq)+ (1-30—-3Cq) 1-6—(q
2 o 2 a 2 ’

(0 + C2q) + (J.6)

Thus:

. J— 1-6-
GO, w) — G+ ) > 102

IM = M*|[% = Gigl| M — M*|| . (J.7)

Squaring both sides of Equation (J.3), Now use the lower bound for (M, w) — §(M*, w). Inserting
it in the inequality above yields

2 {154%1
Auin (V3,90 w)) L2

M — M*|% < IM — M*||% = Cugl|M — M*||p| . (J-8)

Multiply both sides by Apin(V3,9(M*,w)), Bring the quadratic term to the left-side to find
2C1q

IM - M| < — . (1.9)
)\min(ng(M*vw)> - (]- —0— <2q)
Combining the two results Equation (J.7) and (]J.9), in full detail,
2
M = M € e S I S a0
a2 (L1 (1 +28 ) + BLQ) + i B2 — (1- 6= Go)
so we have:
2C1q
M — M| < 5 5 (1)
2 ) 2B 16B%(1 + §)*
Grninh? 4007 (14 G5 ) + BLa 4 G2 A ~(1-0-a)
A
that is,
2
1M - M| < SUBE (:12)
A= (1-06=Ga)
Solving for g we have:
G
ar(1+5+C2q) <G = Ga<-(1+9) (J.13)

T
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Thus we may choose:

L1 ata). (J.14)

- <2 Or
which is the largest allowable choice given the condition (or an upper bound on ¢). Substitute this
choice (J.14) for ¢ into the original bound Equation (J.11). Thus the overall bound becomes:

G
2G o, (1+9)
M—-M < >—>"L—un— 15
R o v (115)
with:
2 2B? 16B2(1 + 6)?
A= o |10+ 07 (14 55) + BLa| + = (J16)
Since: o
2 5 L F0)
=t >0, 17
G A+E -2~ (J17)
so:
o G 2BL
Or Guinh
0<d< e -1 (J.18)
8 (1 + ?) 1682
Gminh? G2, h*
We set: - 052
2
_ — A
h2 Gmm — h Gmin (] 9)
The denominator of (J.18) is:
by - 20 ) o (120)
Gminh? G2, h* '
With Equation (J.19) we have
2B2 . [(2B*\? 4B4
? =5 Gmin and h =5 (Gmin> - @ (]21)
The numerator is: o 9BL
. G 2
N(h) = Nk (J.22)
Again, using Equation (J.19) we have
2BLy 2BL, _ 2BLy Lo
G minh? N e ( 2B2 ) ~ 2B2 B’ (]23>
min Glnin
Thus, o
L
N(h)y=2-— -2 (J.24)
oy B
Finally:
N(h)
=/ =21
"=\ D)
9_G _ L2
o B
A T4Cumt ! (J25)
BQ




Thus, by choosing;:

h = V25 (J.26)
\% Gmin
we specifically have:
B B2 G Lo
5\/4(Gmin+2> <20TB>1' (J.27)

In many applications the nonnegative parameters G/, and Ly /B are present in a subtractive term.
In the worst-case (largest) scenario the subtraction is minimized, that is, one may assume:

L
Y _o and 2oy (J.28)
o, B
Then we have a1
2
-2 <o .
2 o B 2 (J.29)
Substituting into the expression gives:
B? 2B? B?
0S| 2-1=| —F——F 1=/ 77— -1 .30
- 4(Gmin + 2) 4(Gmin + 2) 2(Gmin + 2) ’ (] )
which is:
B
0 ——— — 1. (J.31)
2(Gmin +2)

J.2. 6 Result With Regard to ||w||

Lemma J.1 (Upper Bound on ¢ under Bounded Noise and Kernel Smoothing). Let §(M,w) be a
smoothed loss function involving kernel weights depending on the residuals, and suppose: the residuals satisfy
|2:;(M*)| < B for some B > 0, the kernel weights involve Gaussian-type terms exp(—2z2/h?), the noise
vector w satisfies ||w|| < € with high probability (e.g., at least P(||w|| < €)), the Hessian Lipschitz constant is
Lo, and the spectral condition o, (1 + 6 + (2q) < G holds for some constants o,,(2,q, G > 0. Then for any
bandwidth h > 0, the parameter ¢ satisfies the upper bound

0 < 2 2 -1, (J.32)
\ 8exp <h2> [h2 + 2€2 + 2e2 exp (hQ)]

with probability at least P(||w]| < ¢).

The proof of the theorem is provided in Section J.3.

Lemma J.1 provides an explicit upper bound on the parameter ¢ in terms of the noise norm |Jw|| < €
and the kernel bandwidth h, showing how the interaction between noise amplitude and kernel
smoothing affects stability; specifically, § decreases as ¢ becomes small, and the exponential terms
in the bound reflect the noise-suppressing effect of the kernel, which ensures that the bound holds
with high probability whenever ||w|| is sufficiently controlled.

J.3. Proof of Lemma J.1

We already have:
§ < -1 (J.33)




which implies:

1 B
0 | —m———-1]. 34
with: )
2B
h? = :
o (J.35)
Thus,
1 B 1 Bh
So we have:
1 € 1 eh
with at least P(||w|| < €). We then restart with the original form (J.18):
_ G _ 2BLy
0<d< or _ Cminh® g (J.38)
(1032) o
Gminh2 G2» h4

Since Gmin appears only in the denominators, replacing Gmin by its lower bound (which is the
worst-case scenario) yields an upper bound for ¢.In the numerator we have

2BL2 < QBLQ eXp(%)

Gmin h2 - h2 (]39)
In the denominator, the two terms become:
8(1—1— 2,5;2) 8(1 + 2:;2) exp(f—j)
< ) (J.40)
Gminh? h?

Thus, the bound for § becomes:

5 G 2BLsy cxp(%)

0<6< o h —1. (J.41)

8<1+2h%2) exp(%g) 16 B2 exp(zh%?)
h? + h*

Then the denominator of Equation (J.41) becomes:

D= 8(é+2}’i) + Glsz; < 8(1 . 25,1)2 exp(%> + Rl ezi(zg). (J.42)
8(1 + 2}?;;)2 exp(%f) _ SGXI;LEE;> (h2 . 232)7 (1.43)
so that: . B2 -
D<o [8 exp(ﬁ> (h? + 2B?) + 16B2 exp(?)} . (J.44)
We may factor exp (f—j) from the terms in brackets:
2
D< s;eng’,;) [hQ +2B% 4+ 282 eXp(f—j)]. (J.45)

42



Thus the overall bound (J.41) becomes:

exp( B2
5<\/§— _ (e "G_mhp()) _1 (].46)
Sexp(B—j [h +2B2 4 212 exp(B—z)}
So we have:
N (2 £ - 2L22p('2))
s<pi- s () [+ 20 + 2 o(B)] )

with at least P(||w]|| < ¢).

K. Proof of Theorem 6.1

Proof. With the loss function in (2.3) and the simplified notations in (C.1) and (C.2), we have:
(Vaug(M* w), XUT +UXT) = / V2,9(tM* + (1 —t)M)(M — M*, XU T +UX "dt. (K.1)
Varg(M,w) Z G vMG M). (K.2)
Thus, at M = M* the inner product:
T == o1 T oT
(Varg(M* w), XUT + UXT) = Z ex M*) <VMG (M*),XUT +UX > (K.3)

On the other hand, a standard Taylor expansion applied to the function:

h(V) = (Vmg(V,w), XUT +UXT), (K4)
provides
h(M) — h(M*) = /0 <Vh(tM* +(1- t)M)7M - M*>dt. (K.5)
h(M) = (Varg(M,w), XUT + UXT) =0, (K.6)
we obtain:
(Varg(M*,w), XUT + UXT) = — /1<Vh(tM* +(1- t)M),M - M*>dt. (K.7)
0
But note that:
Vh(V)=V3,5(V,w)(,XUT +UXT"), (K.8)

so that Equation (K.1) becomes:

(Varg(M*,w), XUT + UXT) = / v [g<tM +(1- t)M) (M M XUT + UXT)dt. (K.9)

So we have:
Via(M) = i; [Gi(lM)QVMGi(M) QVuG; (M) — Gi(lM)v?wGi(M)} , (K.10)
ith:
i 1 - ’U,ij(J\l)2
Gi(M) =~ > exp (h2> , (K.11)
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and:

VarGy(M Zexp( i ];4 )2> (—2“”;’1(2]” )) [~V A1), —s—VMA(M)i],

(K.12)
and where:
wig (M) = [(¥; + w; = A(M);) = (Y; + w; = AM);)] (K13)
and
VMUZJ(M) = —ijA(M)j + VyA(M);. (K.14)
Now, introduce the convex path:
M, =tM* + (1 —t)M, te]0,1], (K.15)
and denote for brevity
Q=XU"+UX", H=M-M". (K.16)

Then the Hessian's bilinear form of (K.10) at M, applied to (H, Q) is:

n

. 1 1 1
VEAO)(.Q) = 2 3 [y (VG M) HYVaGiM:).Q) = s VRG (M) (. Q)]
(K.17)
We notive that:
7/0 v2, (tM* (l—t)M) (MfM*, Q)dt
A Z{ 5 (VaGi(My), M — M*)(VarGi(My), Q) — %VﬂGi(Mt)(M - M*vQ) }dt,
(K.18)

with all quantities evaluated at M; = tM* + (1 — t)M. We take the simplified notations (K.15) and
(K.16) into (K.18), we have:

H=M-M" Q=XU"+UX", and M,=tM*+ (1—1t)M. (K.19)

Then the integral becomes:

dt,

! v Gi(M, VG (M), Q) V2,G:(M)(H,Q
- |, Vit Q) :“Z/ "

(K.20)
In a compact form, we write. This is the simplified integrated form of the second-order term.

o THXu — L z":/l{ (VarGi(tM* + (1 — t)M), M — M*><VMGi(t]\A4* : (1—)M), XUT +UXT)
[Gi(tM* + (1 — t)M)]
_ V3Gi(MT + (1= t)M)(M — M*, XU +UXT) ”
Gi(tM* + (1 —t)M) '

(K.21)

HeTHXuH _ H_li/l{ (VarGs(My), M — MZE(VAZ)C;Z.(Mt),XUT LUXT)

!

(K.22)

_ V3,Gi(My)(M - M*, XUT +UXT) "
G (M)
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To solve this integration, in a first step we take the absolute value inside the integral and sum (using
the triangle inequality) to obtain

H TquH <= Z/

H (VuGi(My), M — M) (VG (M), XUT+UXT>H

Gi(M,)?
(K.23)
Hv2 (M) — M, XUT + UXT) H
Gi(My)
Then we write:
. 1 YNV G (M), HY(V 3G (M), Q v2 G Mt
T < i M
o7 Hu] < 2 ’ G (M,)? dt.
(K.24)
A short calculation on Equation (K.11) shows that for each ¢ and j we have:
Vs exp(~ e )=- z exp (- e ) Vagui(M). (K.25)
Thus:
1 - Q’U,ij (Mt) Uij (Mt)Q

Assume that the derivatives of u;; are uniformly bounded (say, ||V arui;(M:)|| < L, for all 4, 5, ).
Then:

1 2 2ui‘ M, (7 M, 2
VsG] < &30 Al (iR (K27)
j=1

Notice that the noise w enters through the differences (w; — w;). In the following we denote:
0= ||w|oo- (K.28)

Using the triangle inequality, we separately bound the two integrated terms:

i <3 [ {| e e PG e oo

It is natural to expect that the V,G; and V3,G; terms inherit the exponential from

M
Z exp ( “” )’ ) (K.30)
A direct differentiation of Equation (K.30) shows that:

vM(exp(_%W»: 2“22(2]”” xp( “”(hMt) )VMuw(Mt) (K.31)

Taking the norm we may write:

2|, (M uii (M,
1V exp(cuy (a2 < 2N ey (LB 19 (K.32)
Since the noise enters u;; as a difference (i.e. w; — w;), we have the bound:
|uij (My)] <6, (K.33)
so that for some constant L; (which also absorbs bounds on ||V asu;;(My)||) we may write:
5 umn(M)?
VG (M) < 232 exp(~ 2270, (K34)
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where we set:
min 2 . . 2
ug; (My)* = 1I§njl£n wgj (My)°. (K.35)
Similarly, one may bound the Hessian by:

Lod ur_n_in(Mt)Q
2 2 %
V3G (M) < S5 exp(- 5 ).

for a constant Ly > 0. In addition, we assume that the denominator satisfies G;(M;) > Guin > 0.

Substitute the above bounds into the two terms:

(VaGi(My), H) (Vi Gi(My), Q) || _ [V Gi(M)|?
Gi(M;)? T Gi(My)?

(K.36)

=l

25 min (K.37)

2 4 (Mt)Q
< Tik— e (== ) IH]1Ql-

Similarly,

L) <

HV?MGi(Mt)(H,Q)H < IV, Gi(M,)

exp(— S . (ks
Gi(My) Gi(My) P h? ' '

Ly
h? Gmin
Thus, after summing over ¢ and integrating over ¢ (which introduces only constant factors), we
obtain the bound:

% L36° 2u?nin L26 ?nln
HeTHXuH < <h4C1¥2. exp(~ - )+ i eXp(— )> 1H|11Ql, (K.39)
where we set, for simplicity,
u12nin - HllItl Ui (Mt)z' (K40>
i.J,
% HwHOO urerm *
HeTHXuH <o exp( )||M MH[|XUT +UXT. (K.41)
We wish to maximize 7 subject to
L3262 2u? Lyd u?,;
T < | == _ “"min 2 _ Umin
X7 < (i e (-2582) + o (<S) ) IHIQL

77[n2 = H = In2.

Notice that the eigenvalue constraint forces all eigenvalues of H to lie between 7 and 1. Hence, in a
best-case scenario we may choose:

H=1,., (K.43)
which implies that
n <1 (K.44)
Plugging H = I,,> into the first constraint (K.42) gives:
5 L3462 2u? Ly6 u?;
T < 1 min 2 min .
%76l < (Figa—on(-2552) + e e (-2) ) ImllQl (K49

In general, if this inequality is not satisfied, one may scale down H so that the effective gain is reduced.
In particular, if we set:

H=nl, (withn<1), (K.46)
then o .
IXTHel|| = n[|X el, (K47)
and the constraint becomes:
L252 2u12nin L25 1211111
X7l < (e e (- 582) + e (<2 ) Il (a9)
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That is,

252 2 2
< [ (e o)
We can define: 1242 002 1,6 w2
C = h4(1;r2nin exp<_ hnznn) t e ew(—%) (K.50)
(with also the extra factors || H||||@Q|| appearing). For clarity, define the second problem as:
max 7
nH
st |XTHe| < C|H] Q]| (5D

Nly2 < H =<1,

A brief outline of the solution is : y = He. Since H = nI (by nI =< H ), we have a gain in the sense
that ||y|| = ||[He|| > n|le]|. (When e is normalized ||e|]| = 1 the inequality is ||y|| > 7.)

IXyl* = 27 (XXT) |yl (K.52)

the bound on the left (when applied to y = He) yields:
IXTHe||? = [IXy|* = 22, (XXT) |yl (K.53)
IXTHe| < ClIH[Q]- (K54)

Thus, combining with the lower bound (K.52), we find:
NN 2
20, (XX D)yl < (ClHQN)". (K.55)

Using ||y|| > lle]| and, if we normalize so that [le|| = 1, we obtain 2\, (XX T)n? < (C|| H|[|Q])>.
That is, solving for  we have

< _clAlel
2= (XXT)

. (K.56)

Since the optimization is to maximize 7 subject to the constraint, the best (largest) value one may
take is at most
——ied T

——, (K.57)
20, (XXT)
or, writing C' explicitly,
— ] L}0? 205 Lad Upnin
n* = e exp 02 + Za exp | ——25" | |- (K.58)

22+ (X XT)
This is the solution to the second problem. We assumed here that |e|| = 1 (or otherwise, the factor
|le|]| remains explicitly in the bound). The derivation uses the lower bound that came from the

structure of the matrix X X T and the fact that the eigenvalues of H satisfy \;(H) > 7. Thus, the
optimal achievable 7 is given by the boxed expression above.

We now have: y = He Since: nl,2 < H, it follows that for each vector (in particular, for the fixed e)
we have:

lyl* = | He|? = nlle|*. (K.59)
Often the vector e is taken to be a unit-vector; hence from now on we assume ||e|| = 1 so that ||y[|* > 7.
In the baseline problem it was shown that for any y € R™, one has:

1Xyl? > 2X (XX T)]|y]> (K.60)

Hence, in our setting,
IXy[? > 22 (XX ). (K.61)

47



On the other hand the constraint (K.61) implies that:
IXTHe|l = |X Tyl < C|M — M*||r|IX]|2]w]. (K.62)

Since (by consistency of norms) one may relate the norm ||X Ty to [|Xy|| (when X has full column-
rank) or simply use the fact that the bound holds on the action of y through X, we square the
inequality to obtain:

N . . 2
1Xyl? < (CINE = M|l K wl)) (K63)
Combining this with the lower bound (K.52) gives
- . N 2
22+ (XX )0 < (CIUNE = M| pl| X 2] ) (K64)
Solving for 17 we deduce that any feasible pair (17, H) must satisfy:
2 M — M*|12 X 2 2
.l REHE (K65)
20, (XXT)
That is, the maximal achievable value is
2 M — M*II2 X 2 2
. HEHE (K66)
20, (X XT)
(Recall that we assumed ||e|| = 1. Should |le|| differ from 1 the bound would include the factor
1/]le|?.) Hence, the solution of the given maximization problem is:
200 — A2 N2 |12 2
* _ C|M - M UFA”XHQHUJ” with C =2 <% + CP’) (K.67)
22, (XXT) R
Because the constraint:
(1-0—GoIM||z <m Hm < (1+6+ (q)||M|[7, VM :rank(M) < 2r, (K.68)

must hold for every matrix M (with m = vec(M)) the operator H is sandwiched over the set of these
low-rank matrices. In other words, if we define  := 1 — § — (»¢q, then we have that:

m' Hm > 5||M||%, VM : rank(M) < 2r. (K.69)

This is analogous to requiring H > 1/ (on the low-rank subspace). In the previous analysis (where
our decision variable was 1), one shows that if one defines y = He, then necessarily

lyl* = |[He||* > nlle]*. (K.70)

Assuming without loss of generality that ||e|| = 1 we deduce:

lyll> >n=1-6— (. (K.71)
[Xy[? > 20 (XX T)[yl? > 20 (XX T)(1 = 6 — (ag). (K.72)

The constraint . . .
|XTHe|| = |XTy| < 2G4 X]2 (K.73)

implies, after squaring,

N N2
1Xyl? < (260 X]l2) - (K74)

Thus, combining with the lower bound (K.71) and (K.72), we have
20+ (XXT)(1 =0 = Gag) < AT X 3. (K.75)

We now solve for J. Rearranging the previous inequality we obtain

4 2.2 X 2 2 2.2 X 2
1—§— <2q S Clq U A||2 _ Clq A|| ~ ||2 (K76>
D (XXT) A (XXT)
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That is,

2024211 X |12
531 og— 2T IX]: (K.77)
A (X XT)
Since we minimize J it is best to take the smallest choice allowed (and note that we must have ¢ > 0);
hence,
2020211 X |12
5" = maxd 0,1 — (pq — 21X L (K.78)
A (X XT)

Then, we want to use:

A (XX T) = A (M| < || XXT = M*|| 5 < 7A(M¥),

o o (K.79)
) MEXT) = MM < |XXT = M*|p < 7A(M).
From o
‘ A (XX T) = A (M| < 720 (M), (K.80)
we obtain the lower bound o
A (XX T) > A (M*) — 70, (M. (K.81)
Similarly, the second inequality in Equation (K.79) gives the upper bound
MXXT) <A\ (M*) 4 7. (M), (K.82)
Thus we have: - ) ol
o _ CPINE = M3 KBl Ks)
20, (XXT)
Using the lower bound Equation (K.81), we may further bound
2007 — A2 11 Y112 2
+ = CPINT = M3 X 3] K

T () = A (M)

This way the error is expressed in terms of the eigenvalues of M* and the perturbation level 7.
Similarly we have:

: 1 ]Q) 1252 2 N s .
" \/2(A (M*) = 7A (M) ez, P\ ) T, o e )] ()
r* — TAp

Solve for || M — M*||% starting from the definition:

2N (XXT) | o
2| X2 w)?

We now want to calculate lower bound for A, (X X T). By the Wielandt-Hoffman theorem [36] we
have:

1M — M3 =

e (XXT) = A (M| < [XXT = M*|[5 < 7A(M*). (K.87)
This yields
Ao (XXT) > Mo (M) = 70, (M). (K.88)
Replacing the denominator in the Equation (K.86) for || M — M*||% gives:

Q(AT* (M*) — T)\T(M*))
H(X). (K.89)

C?| X [3|w]|?

Thus, taking square roots on both sides, we obtain the final upper bound:

1M = M7 <

Q(AT*(M*) - T)\T(M*)>
C2|| X |[3]fwlf?

7} (X). (K.90)

1M — M| S\l
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Similarly from Equation (K.85), we have:

\/2</\r* (M*) — T)\T(M*))

Q] [ L3462 2ul;, Ly3

||M*M*||F§ wZ n
W?nin eXp(* h2 ) + R2Gom eXp(fﬁ)]

.. (K.91)

This expression provides the desired upper bound for the Frobenius norm of the difference M — M*

in terms of the feasibility error 7(X) and the spectral properties of the matrices involved. We will
show that under suitable assumptions one may bound

Ape (M*) — 1A (M), (K.92)

in terms of the error || M — M*||%.. One common tool is Weyl’s inequality [37]. We assume that M
denotes an estimator of M* (for instance, M = XX ") so that the error in the eigenvalues obeys:

X (M) = Xy(M*)| < ||M — M*||y < ||M — M*||p, foreachi. (K.93)
In particular, for the index ¢ = 7* we have:
A (M*) = Ay (NI) < || = M| . (K.94)
Now we begin to calculate the upper bound for || M — M*| p: We have:

. J(XXT N 20 (XXT
|M — M*||p < min{\/ 22y A()ZX ) 5 (X), . S ( ) ; n*}.
IR g [ () L0 ()
h4G12nin P h? hQGmin P h?
(K.95)
For the first part of Equation (K.95), We start with the bound:
23 (X)
< 2wl (K.96)

and the lower bound from Equation (K.57) to compute for the function approximation error

L 1=8(X) - _5_
U}(X)Z f(A) Czqzl ) ng.
1+ 6%(X) + Gag 1464 Caq

(K.97)

Substituting this lower bound (K.97) into the expression for T} (noting that a smaller n;(X ) gives a
larger overall upper bound for the error) we obtain

2 1—-6—(xq
T, < . . K.98
1—\/c2||w||2 140+ g (K-98)

Since T} is an upper bound on | M — M*|| r, we then have:

2 1—-0—
||M—M*Fs¢ i el (K.99)

C?llwl* 1404 Cq°

This is the desired upper bound for ||M — M*||r in terms of 4, (2, ¢, C, and ||w||. Now we want to
solve for the upper bound. Multiply numerator and denominator by (2¢; + 3¢>.X) to obtain

1—0—Cgq  (1—=6)(2¢ +3GX) — @X(1 —39)

TF0+ Gy~ (1+0)(2 +36X) + GX(1-39)] (100

A short calculation of Equation (K.100) shows:
(1=6)(2¢1 + 3G X) — (X (1 = 36) = 2¢: (1 — 0) + 2C X, (K.101)
(146)(2¢ +3CX) + GX(1—38) =26(1+6) + 4 X. (K.102)
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Thus,
_ 2 a=0)+6X
C2llwl* G(1+0) + 26X
Multiplying by C?||w||? we arrive at the cubic equation in X:
20607 |w|*X? 4+ (1 (1 + 6)C?|lw]?X? — 20X —2¢: (1 —6) = 0. (K.104)
Thus, the Equation (K.99) is given by:
—G (1 +0)C?wl® + VG +0)2CHw][* + 166C?[[w]2¢i (1 — 6)
4Gy '

X2

(K.103)

[M — M| <

(K.105)

For the other part, We start with the two facts:

* 22+ (XXT) L16? 2ufin L Upin 1—0—¢aq
1M =M lp < {h‘*Ffmn exp (=75 + B2T pin exp (=3 )} 150+ G
(K.106)
Returning to the bound (K.99) for || M — M* || and substituting our expression (with X = ||M —
M*||r), we obtain:

2X,- (XXT) [ 1262 22, Lod ul,
||M_M*||F < |: 12 exp(— min 4 exp(— min :|
[ S Ao G | .
G =8+ GIM - M |p
G(1+96) +2G||M — M*||F
We start with the inequality (K.107) (after eliminating q)
G(L+9) +2G||M — M*||p
where
2)\r* (XXT) L%52 2u2 ; L26 'LL2 :
B := T exXP|——5 o —exp(——5 ) |- (K.109)
HQH h 1—‘min h h me h
we now denote:
y:=||M — M*||p. (K.110)
Thus, the inequality (K.107) becomes:

G(L+0) + 20y
Our aim is to move all occurrences of y to one side and solve for an upper bound on y. Multiply both
sides by the denominator (assuming it is positive)

y[(1+6) +26y) < BeE[G(1-0)+ G- (K.112)
Write the left-side and right-side explicitly, and bring all terms to one side of the inequality:
26y + [1(1+0) = BEG]y - BEG(1—6) <0. (K.113)

Solve the quadratic equation and using the quadratic formula:

- [41(1 o) — Be‘zgg] + \/[glu o) — 36242} * 8BGO —0)

4G
Since y = |M — M*||r > 0, we take the positive root. Thus the upper bound of | M — M*||r is:

(K.114)

-6 +0) - Bée| + \/[clu +6) = BeG] +8BEGG(1-0)

M—M*||r <
18 = 2|5 < ©

(K.115)
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Recall that:

o \/m[ 1262 eXp(_Quilin)+hL26 exp(—u?“i“)}’ (K.116)

||QH h4F12nin h2 21—‘min
with probability at least P(||w||2 < ).

L. Convergence Theory of The New Loss Problem

Given that is satisfied, then if this inequality holds:

w 1+5+ q w
IXXT = Mo < [0y e ey, (L1)
1—-6—(aq

because in [32], we have:

U T X — 3¥ e < €2/ T= 5+ G — CuD. (L2)
— 0 =82

Thus, for the remainder of the proof, we aim to certify that starting from X, if we apply the gradient
descent algorithm, above will be satisfied every step along this trajectory. In order to do so, we use
Taylor’s expansion to obtain:
. PN V2§(N,w)|(M — M*“, M — M
90 w) — (0 w) = I~ ) (L3)
where N is some convex combination of M and M"Y, and M € R™*™ is any matrix of rank at most r.
In light of the RIP property (2.6) of the function and (2.8), one can write:
1—-0—¢Caq 144+ Caq
2 - 2
This means that if M;, My € R™*™ are two matrices of rank at most r with §(M;,w) < §(Ms,w),

then:
148+ (aq
My — MY||p < 4 ——2|| My — MY L.
([ My IIF_\/1_5_C2qH 2 IF, (L.5)

because §(My,w) — §(M™,w) < §(Ms,w) — §g(M™,w). Thus, one can conclude that §(X; X,", w) <
3(XoX{ ,w) Vt, where X, denotes the ¢ step of the gradient descent algorithm starting from Xj.

1M = M™% < §(M,w) — g(M*, w)

A

1M = M| (L4)

L.1. For MSE Loss Function

Theorem L.1. With MSE loss function, the vanilla gradient descent method applied to (3) under Assumptions
1—4 converges to P,.(M™), the best rank-r approximation of M, linearly up to a difference D, if the initial

point X satisfies:
1—5—<2€
XoX, — MV 2(1—6— —Cy(\/————FD: L.
|| 040 HF<Cw( 4 626) C(w 1+5+C2€ I ( 6)

meaning that vanilla gradient descent will reach a point M linearly with | M — P.(M™)||p > D,., where:

Dy = MY = Pp(M")|lp, Cuw=1/2(V2 = 1), (M"). (L7)
The linear convergence is also contingent on the fixed step size 1 satisfying:
-1
n< (1202 (CV/T= G+ G + M) (L.8)

The proofs and detailed math are provided in Section M.1. We can summarize as:

n< (12;)1/200)_1 . (L9)
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L.2. Our Kernel Loss Function

Theorem L.2. With the kernel loss function, the vanilla gradient descent method applied to 2.3 and 2.1
converges to P,.(M™), the best rank-r approximation of M, linearly up to a difference D,. if the initial point

Xo S(IltiSﬁES.'
|1 X0 X —MWHF<C2(1—§—CE)—C S S5 D, (L.10)
00 w 2 w 1+6+ :26 ) .

meaning that vanilla gradient descent will reach a point M linearly with ||M — Pr(M™)||F > D,, where
D, = |[[M" = P.(M")||p, Cyp=1/2(V2~1)0,.(M"). (L.11)

The linear convergence is also contingent on the fixed step size 1 satisfying:

n <2 (12072 (O~ 61 G + 1)) (L12)

The proofs and detailed math are provided in Section M.2. We can summarize as:
-1
n < h? (12p1/200> . (L.13)

In conclusion, the MSE loss shares the same convergence theorem with the new loss. However, the
new loss should pay more attention to the 1 because it should mind the step length of h.

M. Convergence Proof

M.1. Proof of Theorem L.1

Proof. the gradient descent update:

Mt+1 = Mt —nVQ(Mt,w)7 (M].)

satisfies:
g(Mt_;,_l,’LU) S Q(Mt,w) for all ¢ Z 0. (MZ)
We further assume that the gradient V§(M, w) is Lipschitz continuous with constant L. In our setting

[32] shows that:

1+6+ w w
Lngp\/;(“l—(S—ZZXOXJM F+ [|M ”F)a (M.3)
1404 Caq
p_wl—(s—@q’ (M.4)

and r is a rank parameter (which appears when one controls the norm of the factorized gradient). A
standard result (the descent lemma) for any function § with L-Lipschitz gradient tells us that for
any two matrices M and N,

where:

N . . L
Let
N =My = My —nVg(My,w), (M.6)
we obtain: L2
§(Mi1,w) < §(My,w) = 0| Va(Myw) [F + S5 [V, w)] - (M.7)

Rearrange the right-hand side of Equation (M.7) as:

§0,0) < 080 = (1= 51 (9308wl (M)
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Thus, if we choose 7 so that:
1 L?? >0 — < 2
2 =T

then the term 7 (1 — %) Vg(M¢,w)||% is positive. In other words, as long as < £, every gra-

(M.9)

dient descent step will produce a decrease in §(M,w). In our model the structure of §(M,w) (a
log—sum-exp function) together with the properties of A(M) imply (after some detailed technical
estimates) that the Lipschitz constant L can be upper bounded by:

1+6+ w w
L < 12/7\/7»”(“ ﬁ_ZZHXOXJ - M"||p+ M ||F> (M.10)

Thus, a sufficient condition for descent is to assume:
2

n < v, - ' . (M.11)
12py/r (/L X XT — M|+ M| )
We ensure that the iterates satisfy:
§(Xen X, w) < 9 X, w) (M.12)

for every ¢t > 0. This monotonic decrease is a key ingredient in proving the convergence of the
vanilla gradient descent procedure to a global minimizer of §(-, w). Conveniently, above inshows
that §(X; X,",0) < §(X;_1X,",,0) for all t > 0. However, this result can be extended to:

I(X X w) < §(X X, w), (M.13)

1
1/ > 12pr0/? (,/MHXOXOT MY+ ||MW||F> , (M.14)
— 0 =K2

since V§(-,w) is now a p-Lipschitz continuous function. Given, a sufficient condition to the above
inequality is that:

by making:

n < (1200072 (2(V2 - VT~ 6+ G + M) (M.15)

for such 7, the vanilla gradient descent can converge to the global minima.

M.2. Proof of Theorem L.2

Proof. One may expect a similar monotonicity in the descent of the objective (M.14), provided that
the step-size satisfies a condition of the form:

1 i [1+6+ y y
-2 120\”( 157@(1“)(0)(0T - M"||p+ M ||F> ) (M.16)
n —0 —G2q

where p is the Lipschitz constant of V§(-,w). (In the MSE case the corresponding Lipschitz constant
was denoted by p.) Notice that the log-sum-exp function is smooth and it is well known that if each
loss term (here a squared difference divided by h?) has a Hessian bounded by a constant then the
gradient of the log-sum-exp (which is a soft-max of these terms) is Lipschitz with a slightly larger
constant. In many cases one can obtain an inequality of the form:

__C
P gap M.17)

for some universal constant C' (in many applications, one may take C' = 1 up to a harmless constant).
A sufficient condition is then that:

1< (120v7 (22 - DVT= BT Gal + Vv ) ) (M.15)
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Replacing p with p/h? (up to a multiplicative constant) we obtain:

0< (VR (a0 G G + rvlr) )

(M.19)

Thus, compared to the MSE case, the new step-size condition has an extra dependence on 1/h? in
the Lipschitz term. In other words, in order for vanilla gradient descent to converge to the global
minimizer when using the above §(M, w), the step-size n must be chosen small enough so that

(M.19) holds.

M.3. Proof of the Lower Bound
M.4. Proof of Theorem 7.1

Proof. for MSE loss, we start with the inequality:

* 2 * *
1M = M7 > |(L+ )M = M7+ 2V1+ || M - M ||F} :

For convenience, define:
x=||M—-M"|p withz>0.

Then the inequality (M.20) becomes:

2
f[ +8)z? +2V1 + 6wz

Multiply both sides by L (assuming L > 0) and factor z? from the first two terms:

[L 201+ 5)]:# — AT bz > 0.

O

(M.20)

(M.21)

(M.22)

(M.23)

Since x > 0, a solution is = 0 (which corresponds to perfect recovery). For a nonzero 2 we require:

[L 201+ 5)}:1: AT T3 || > 0.
Assuming a sufficiently large L so that:
L—-2(146)>0

we can solve for z:

S Wit AV1+ o]
= T2 +0)
Thus, the nontrivial lower bound for | M — M*||F is
4v/1
M — M V14 de

Iz 7= L-2(1+46)
with probability at least P(||w]||2 < €).

M.5. Proof of Theorem 7.2

Proof. For the kernel loss function, we are given the inequality in Section H:

1 1
L

For clarity we introduce the notation

. -0
1M =M™ > \/ 5 IM = M5 = (14 O R(w) [ M — M.

r=IM-M'|r (z>0).
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(M.24)

(M.25)

(M.26)

(M.27)

(M.28)

(M.29)



Then the inequality reads:

1-9
M — M*||p >
l oy

Because the square root is defined only when its argument is nonnegative we must assume that

2?2 — (1 + ) R(w)z. (M.30)

12_L§xQ — (14 0)R(w)z > 0. (M.31)
Factor out x > 0:
x<12L5x —(1+ 6)R(w)> > 0. (M.32)
Thus (apart from the trivial case + = 0) we require
L A 4+ORw) >0 — g EUFIRW) (M.33)

2L 1-06
Under that condition the radicand is nonnegative, and the inequality becomes:

|M — M*||r > \/x <12L5:z: (1+5)R(w)). (M.34)

Thus, the lower bound (expressed in terms of the Frobenius norm = = |M — M*||r and the given
quantities) is:

. 2L(1+6)R(e
81— 217 > ZHLEOR(E, (M.35)

with probability at least P(||w||2 < €). This is the desired lower bound for ||M — M*| 5. O

N. Compared with Ma’s General Loss Result

N.1. Optimization Landscape Result with § < 1/3

Lemma N.1. [32] Assume that the objective function satisfies Assumptions 2.3 and 2.1, and that f(M,0)

satisfies the RIP property with some 6-RIPs, o, constant such that § < 1/3. For every e € {0, L/ 32—5} , with

probability at least P(||wl||y < €), every local minimizer X satisfies:

A . 2C1€
IXXT = M < ret

T30+ G0 (N.1)

The lemma proof is in O.

Lemma N.1 (adapted from [32]) establishes a global-to-local optimality guarantee under noise,
assuming the objective satisfies standard smoothness and RIP conditions. Specifically, if the noise
vector satisfies ||w|2 < e with high probability and the noiseless function f(M,0) satisfies the J-

RIPy, 2, condition with ¢ < 1/3, then for any € € [0, Y ?2_5

bound | XX T — M*||p < %, highlighting that under controlled noise, local solutions remain

close to the ground truth with a bound that degrades gracefully in e.

], all local minimizers X satisfy the error

From the above lemma, we can know that, for MSE loss:
IXXT = M*||r < Oe). (N2)

still holds, which means MSE is better than the general loss result. And according to the kernel
loss 4.1, our robust loss is better. The results indicate that our condition (J.18), which is:

G 2BLo
2 o Gomh
0<d< Tr___Zmin —1. (N.3)
8 (1 + QhB; ) N 1632
Gminh2 G(r2ninh4

should be smaller than 1/3. For larger ¢ situations, according to Ma’s general loss we see:
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N.2. Optimization Landscape Result with 6 > 1/3

Lemma N.2. [32] Assume that the objective function satisfies assumptions 2.3 and 2.1 with f (M, 0) satisfying
the 5-RIP property for a constant § € (0,1). Consider an arbitrary number T € (0,1 — 6%). Every local
minimizer X € R™*" satisfying:

IXXT = M| < 72 (M), (N.4)
will also satisfy the following inequality with probability at least P(||w]|2 < €):

e(1+ 6+ C6)1C (1, M™)

i *
XX =M lp < —— ey (N.5)
forall e < 7”12:_6, where
o 200 (M*) + TN (M)
C(r, M*) = \/ (ETwe o (N6)

Lemma N.2 (from [32]) provides a refined local error bound for low-rank matrix estimation under

noise, assuming the objective satisfies standard smoothness and RIP conditions with RIP constant

& € (0,1). If a local minimizer X is sufficiently close to the ground truth—specifically, within a

TAr(M*) neighborhood in Frobenius norm—then, with high probability (at least P(||w||2 < €)), the

error remains controlled and satisfies

€(1 46+ Cae)C (7, M™*)
VIi—-17—(e—06

for all e < ¥1=7=° The constant C(7, M*) captures the curvature of the problem via the spectrum

of M*, and the result quantifies how local proximity and structured noise jointly lead to provable
closeness to the ground truth.

IXXT — M*|F < (N.7)

The proof is provided in Section P. We noticed that when § > 1/3,

IXXT — M*|p < O(E\(/lﬁi?) (N.8)

, which is not || XX T — M*||p < O(e).
N.3. Convergence Theorem for Our Robust Loss

Lemma N.3. (from [32]) The vanilla gradient descent method applied to (2.4) under Assumptions 3 and 4
converges to P, (M™), the best rank-r approximation of M*, linearly up to a difference D,. if the initial point

Xo satisﬁes:
IXoXy — MY <C2(1—(5—C6)—C 71 26D (N.9)
00 F w 2 w 1 <2€ Ty .

meaning that vanilla gradient descent will reach a point M linearly with ||M — Pr(M™)||p > D,, where

D, = ||M" — P.(M")||p, Cyp= \/2(\67 Do (M®). (N.10)
The linear convergence is also contingent on the fixed step size 1 satisfying:
-1
n< (12002 (CV/UT= G+ G +IM7Ir)) (N.11)
forall e < %‘25 with probability at least P(||wl|2 < €), where C = 2(v/2 — 1).

The proof is provided in Section 3.2 of [32]. Lemma N.3 establishes a linear convergence guarantee for
vanilla gradient descent applied to the noisy low-rank matrix recovery problem, under Assumptions
3 and 4. It shows that if the initialization X is sufficiently close to the noise-perturbed ground truth
M, specifically satisfying the condition in (N.9), then the iterates converge linearly to a point M
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satisfying || M —P,.(M™)| r > D,, where D, quantifies the residual energy outside the top-r spectrum.
The convergence rate and neighborhood depend on the spectral structure of A/*, the RIP constant ¢,
and the noise level ¢, with high-probability guarantees when |Jw||2 < e. Furthermore, convergence
holds under a fixed step size 7 subject to a bound inversely proportional to the smoothness parameter
p, the rank r, and the Frobenius norm of M", thereby ensuring that stability and convergence are
preserved in the presence of bounded noise.

This is very hard to satisfy. Because the kernel loss function is not symmetric. With new assumption
5, we are hard to have:

Corollary N.4. (from [32]) The vanilla gradient descent method applied to (2.4) under Assumptions 3,4,5
converges to M™ linearly if the initial point X satisfies:

[ XoXy — M¥|r <2(vV2—1)(1 -6 — Cae)o,.(M™), (N.12)
with fixed step size n satisfying:

ns (12002 (CVT= 7 Gep + 1M°1s)) (N.13)

for all e < 122 with probability at least P(||w||s < ¢), where C = 2(v/2 = 1).

Corollary N.4 refines the linear convergence result of Lemma N.3 by incorporating Assumption 5
and establishing conditions under which vanilla gradient descent converges directly to M*, the
noise-perturbed ground truth, rather than just its best rank-r approximation. Specifically, if the
initialization X, satisfies the proximity condition || Xo Xy — M¥||r < 2(v2 —1)(1 — 6 — (a€)o,.(M™),
then the iterates converge linearly to M* with high probability over the noise realization. The step
size ) must again be chosen appropriately based on the problem’s smoothness constant p, rank r,
and signal strength || M"|| r, ensuring that the descent dynamics remain stable even in the presence
of bounded noise.

Lemma N.5. (from [32]) Suppose that the objective function of (2.4) satisfies assumptions 3 with a §-
RIPs, 5, constant of 6 < 1/3 in the noiseless case. Consider the ground truth solution M* which is of rank r.
For a given constant « > 0, there exists a finite constant & > 0 such that at least one of the following three
conditions holds for any X € R™*":

diSt(Xa M*) <a Hng(Xa IU)”F > &,

Amin (VX (X, w)) < —2¢, (N.14)

with probability at least P(|lw]|2 < 421@7;5/3), where (= C1/(1/2(v/2 — 1)(0,.(M*))/%a).

The background together with the detailed proof are provided in Section [32] proof of section 4.

Lemma N.5 establishes a strict saddle property for the noisy optimization problem (2.4) under a
d-RIP condition with ¢ < 1/3 in the noiseless setting. It guarantees that for any point X € R"*",
at least one of the following must hold: (i) X is within distance « of the ground truth M*, (ii) the
gradient norm is large, ||V x§(X,w)||r > &, or (iii) the Hessian has a strictly negative eigenvalue,
Amin (V% (X, w)) < —2¢. This ensures that saddle points are unstable and can be escaped by first-
order methods. The result holds with high probability when the noise is bounded as ||w|]2 < C;Jg’igj/g,
where (, depends on the spectral properties of M* and the target accuracy «, confirming that the
robust landscape of (X, w) admits no spurious stable critical points far from the true solution.

O. Proof of Lemma N.1
0O.1. Proof of Lemma O.1

Lemma O.1. If X is a local minimum of (2.4) with M = XX, then
N G?

2 > 2 o 22 ‘
J(M)7(1+5+C2q)2’ and G* <o7p”, (0.1)

T

where G = _Umin(vhfg(M7 ’LU))
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Proof of Lemma O.1. Based on Ma [32]’s result, consider the case where rank(M) = r. Under this
assumption, consider the singular value decomposition (SVD) of M: M = Dy aiuiuiT, where o;’s
are eigenvalues and u;’s are unit eigenvectors. Let u¢ be a unit eigenvector of V f(M, w) such that
ul,V f(M,w)ug = —G. Furthermore, for a constant p € [0, 1], define:

r—1
M, = Z Uiuiuj + or(puc + V1 — p?u,)(pug + /1 — pQUT)T. (0.2)
i=1

We expand the term || M, — M||%: | M, — M|% = 202p?, which means that
G

20,

(Varf(M,w), My — M) = ="~ | M, — M| (0.3)

Computing the Taylor expansion of §(M,w) in terms of M at the point M with the mean-value
theorem gives:

Q(Mpaw) ZQ(M,U)) + <VMQ(M7U))7MP - M> + %[VQQ(Mvw)](MP - M’MP - M)? (04)

for some matrix M that is a convex combination of M, and M. Due to(2.2), we have:

IVag(M) =V g(M')|lp < p| M — M||p. (O.3)
This inequality implies that the Hessian VZg(M, w) is bounded by p in the sense that:
IV25(M, w)||r < p. (©.6)
Thus, we get the following bound for §(M,, w):
§(Myw) < G, w) + (Vag (O, ), My — N1) + 3| My, — V[ (07)
So we have:
G? < olp’. (0.8)

Based on our the kernel loss (2.3), we still have the original result: o2(M) andG? <

G2
Z TG
2.2
oip®.

O

P. Proof of Theorem N.2

Given a matrix X, we aim to find the smallest § such that there is an instance of the problem with
this RIP constant for which X is a local minimizer that is not associated with the ground truth. For
notational convenience, we denote this optimal value as §*(X ). Namely, §*(X) is the optimal value
to the following optimization problem:

min 1)
0, f(-yw)

s.t. X is a local minimizer of f(-,w),
f(-,0) satisfies the 6-RIPs, property.

(P1)

By the above optimization problem, we know that § > ¢*(X) for all local minimizers X of f(-,w),
where J is the best RIP constant of the problem. Since (P.1) is difficult to analyze, we replace its two
constraints with some necessary conditions, thus forming a relaxation of the original problem with
its optimal value being a lower bound on ¢* (X).

To find a necessary condition replacing the two constraints, we introduce the following lemma. This
is the first lemma that captures the necessary conditions of a critical point of (2.4), a problem where
random noise is considered.
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Lemma P.1. Assume that the objective function f(M,w) of (2.4) satisfies all assumptions in Section, and
that X is a first-order critical point of (2.4). Then, X must satisfy the following conditions for some symmetric
matrix H € R™ X"
1. [|XTHe| < 2¢ig||X |-
2. H satisfies the (0 + (2q)-RIP2y, 2, property, which means that the inequality
(10— Gq)|M|[7 <m ™Hm < (1+ 6+ Gq)||M][7 (P2)
holds for every matrix M € R™*™ with rank(M) < 2r, wherem = vec(M) and e = vec(X X T —
M*), X is defined as per Section.

Given Lemma P.1, we can obtain a relaxation of problem (P.1), namely the following optimization
problem:

s.t. | XTHel < 2¢q[|X |2, (P3)
(1-0—¢)|M[F <m™Hm <
(146 + Gq)||M||%, VM : rank(M) < 2r.

where m = vec(M). Note that since the second constraint is hard to deal with, so we solve the
following problem that has the same optimal value:

min 6
5, H

s.t. |XTHe| < 2¢q X|o, (P4)
(1 -0 - C?q)ITLQ =H= (1 +d+ CZQ)In2~

If the optimal value of (P4) is denoted as 5}(X ), then we know that 6;()2 ) < 6*(X) < 6 due to
(P.3) being a relaxation of (P.1). By further lower-bounding 6;2()3 ) with an expression in terms of
|XXT — M*||, we can obtain an upper bound on || X X T — M*|| .

Lemma P.2. Let X be a first-order critical point of (2.4), and suppose that f(M,w) satisfies all assumptions
stated in 2.3. Then there exists a symmetric matrix H € R™ %" such that:

o |XTHe| < 2G1q]| X2
o H satisfies the (6 + (2q)-RIP2,. o, property:
(1= 6~ Cq) M]3 < m Hm < (1406 + Ga) [ M2, (P5)
for every M € R™ ™ with rank(M) < 2r, where m = vec(M ) and e = vec(XXT — M*).

From these conditions, one can form the relaxation of (P.1) .
Let 6;2()2 ) be the optimal value of that relaxation. It follows that:
§H(X) < 6%(X) < 6. (P6)

By bounding 4% (X) from below in terms of | XX " — M* | s, one obtains an upper bound on | XX T —
M*|| p.

Proof of Lemma P.2. Similar to the last section, we first define M = XX . Since X is a first-order
critical point, it follows from that V x h(X ,w) = 0. Thus,

0= (Vxh(X,w),U) = (Vaf(M,w), XU +UXT), (P7)
for an arbitrary U € R"*". Let u = vec(U). Next, we define the function g(-) : R"*" — R:
9(V) = (Varf(V.w), XUT +UXT), (P8)
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for all V € R"*™. Then, g(M) = 0 due to (P7). By the mean-value theorem (MTV), we have:

g(NT) — g(M™) :/0 (Vg(tM* + (1 — )3T, N — M*)dt

1
NI 5 5 P9
= / [V2,f(tM* + (1 — t)M)|(M — M*, XU + UX ")dt (P9)
0
—e HXu
where H € R"" %" is a symmetric matrix that is independent of U and satisfies:
1
vec(K) Hvec(L) = / V2, f(EM* + (1 —t)M)|(K, L)dt (P10)
0
for all K, L € R™*"™. This means:
e HXu = g(M) — g(M*). (P11)
Taking the absolute value of both sides and upper-bounding the right-hand side gives:
le "HXul = |g(M) — g(M")|| < [lg(M")]
<QIXUT +UX T ||p
<204 XU || r (P12)
=20 q\/tre(XXTUUT)
< 201q/|X 2 ull,

where the second line follows from combining and (2.7), and the fourth line follows from the cyclic
property of trace operators. Choosing u = X T He can simplify the above inequality to

IXTHe| < 2¢1q[ X|l2. (P13)
Furthermore, the §-RIPy, 2, property of the objective function means that:
(1= O)MIE < [V2F(§0)(M, M) < (1+8)[|M]|7 (P14)
for all M with rank(M) < 2r. Combining with the fact that
I vee(M) "Hvec(M) — [V f(€,0)](M, M)|| < ¢aq|| M7, (P15)
gives (P.2). O

Proof of the Theorem. The proof is provided in [32]’s proof od section 3.2. There is some difference,
so we provide a slightly different proof here.

To analyze the local condition in Theorem 4.2, it is helpful to replace the parameter § in problem (P.4)
with a new scalar 7 and consider the alternative optimization program

max 7
n,H

st | XTHel| < 2¢1¢)| X2, (P16)
nlp2 < H =< 1I,2.

Any feasible pair (6, H) for (P.4) immediately generates a feasible point for (P.16) through

1-6— ng Ea 1
S-S ¢ S P17
1T 145+ Gg 146+ Cog (P17)
If 7]]’5()? ) denotes the optimal objective value of (P.16), then
“~ 1—§3(X) — 1—§—
(%) > FX) g €24 (P18)
14+ 65(X) +¢g — 1+0+Cq

61



because every local minimizer satisfies 6;;()? ) < oF (X ) < 6. Thus the remaining task is to obtain an

upper bound on 7} (X).

To achieve this, we examine the dual of (P.16), which takes the form

. 2 211 ¥ 12
p i tr(U2) + 4G XA + 6x(G)

s.t. tI‘(Ul) = 1,
(Xy)e +e(Xy)" = Uy — Us,

(P19)
G -y
=0,
—yT A
Ul t Oa U2 t 0.
Define N R
M= (Xy)e” +e(Xy)", (P20)

and decompose M as M = [M]; — [M]_, where both parts are positive semidefinite. A feasible dual
solution can be constructed by choosing

T M)y LM
VEw YT ey T @y (P21)
" Il )T
2<1(ZHX||2 A* ( )

Evaluating the dual objective under this choice gives

tr([M]-) + 4¢1q]| X 2|1yl
tr([M]) '

(P23)

Assume X satisfies [ XX T — M*||z < 7A,(M*). Then X # 0, and for any nonzero y satisfying that
X T mat(y) is symmetric, one has

Xy > 22 (XX )|y (P24)
Perturbation bounds imply
A (XX T) = A (M*)| < A (M), IA(XXT) = AL (M| < 7A(MF). (P.25)

Combining these with (P.24), we obtain

A allyll . [200(M*) + 7A(M))
= < =C(r,M™). (P.26)
Xyl (1= 7)A(M¥)
Let 0 denote the angle between Xy and e. Then
(M) = IXylllell(1 -+ cos0),  tr(IM]-) = | Xy[le] (1 = cos ). (P27)

Substituting these into (P.23) together with (P.26) gives

~ 1 —cost+2CqC(1,M*)/|e]
nf( ) < 14 cos@

Combining this with (P.18) yields

(P28)

(140 +Ga)Gig O(r. M*).

<
lell < cosl —(oqg— 96

(P29)
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To bound cos 6, note that bounding sin” 6 suffices. Following the standard orthogonal decomposition
of X and Z, one eventually arrives at the estimate

sin2f < —— < 7. (P30)
-7
Since 7 < 1, this implies
cosf >+1—r. (P.31)
Substituting this into (P.29) completes the argument.
O

Q. Proof of Theorem N.3

First and foremost, we restate this lemma from :

Lemma Q.1. For any matrix X € R™*", given a positive semidefinite matrix M € R™*™ of rank r, we have:
IXXT =M% > 2(V2 — D)o (M)(dist(X, M))?. Q1)
Also, given Assumption 5, we have
Varf(M*,w) = 0. (Q2)
First, we establish that the PL inequality holds in a neighborhood of the global minimizer.

Lemma Q.2. Consider the global minimizer M™ of (2.4). There exists a constant y > 0 such that the PL
inequality:

1
S IVxh(X w) [ = p(h(X,w) = f(PH(M™),w)), (Q3)
holds for all X € R™*" satisfying:

dist(X, M") < max{y/ 2(\@ —Dy/1-(6+ §2(1)2(ch(M“’))1/2 —D,,0} (Q4)
and
D, < dist(X,P.(M"™)), (Q.5)

forq < (1-6)/Ca.

Proof of Lemma Q.2. We prove the Lemma when C,,\/1 — (§ + (2¢)? — D, > 0, since otherwise it is
trivial. Denote M = X X T. First, we fix a constant C such that:

dist(X, M%) < C < Cyr/1— (6 4 (29)% — D,.. (Q.6)

Then, we define ¢; and ¢ as follows:

C? 2

A PR T (Q7)
2(x/§—1)ar(Mw) o.(Mw)Y/2 - C

Now, both ¢; and ¢» are nonnegative resulting from the assumption above. Furthermore, we know

that 5 + CQq < \/1 — m from (Q6), then

1-60—-Cq _ 1—q+q
146+ (g 1+a¢

(Q38)

for some small enough /. Define pn = (1/)?/(1 + & + C2q + 2p). First, we make the assumption that:

SNV, W)l < (X, w) = F(PL(M™), w)). Q9)
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From this assumption, we have:

,u(h(Xvw) - f(Pr(Mw)vw))

w w 1 + 6 + q w
< (V0P ). 0). 2 = P + s P ) )
w w w 1+0+Cg w (Q10)
< s (ollare = 2101 = Pl + 2 s - el )
w 146+ (aq w
< (o1 = P+ EELER s - )
due to Taylor’s theorem and (2.8). So then (Q.9) leads to:
1 1+6+ (g w
SR 3 < u(EEEECD s e @)
Therefore,
IVR(X, w)|[p < p[[M = Pr(M")] 5. (Q12)
Then consider the following optimization problem:
min ¢
5, Hesn?
s.t. || X Hel| < i/[lell, (Q13)

H satisfies the (6 + (2¢)-RIP2, property,

where e = vec(XX T — P.(M%)). If we denote the optimal value of (Q.13) as 63 (X, '), then
67(X, ') < d because the constraints of (Q.13) are necessary conditions for (Q.9), according to
Lemma 12 of . Therefore,

16— Gg _ 1= 05(X.) ~ G

: 14
1+0+Gq — 1+ 03(X, 1) + Caq Q14

and:

o 1=8(X) - _5_
n3(X) > f(A) <2q21 o CQC]’
: 1+ 6%(X) + Gag 1464 Caq

(Q.15)

163 (X1 )—Caq

Moreover, by the same logic of (Q.15), we know that n;(X ') > TT55 (X )T
f b

where 7} (X, 1) is
the optimal value of the optimization problem:

max 7
n,H
s.t. |XTHe| < /||, (Q16)
nl,2 < H = I,
Gives: )
@1t
fX, ) < B TR 17
77f( p) < 1+ q (Q17)
therefore making a contradiction to (Q.8), subsequently proving (Q.3). O
Proof. If we certify that:
XXT —Mv
XX - M7e < Cuwv1—(06+C0q)?— D, (Q.18)

Cu

for any given X € R™*7", then a direct substitution can certify that (Q.4) holds for X, since by
Lemma Q.1,
IXXT - M|r

ist(X, M) <
dist(X, M) < o

(Q19)
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Therefore, the certification of (Q.18) means that the PL inequality (Q.3) holds for this given X. Given
that is satisfied, then if this inequality holds:

w 1+6+ w
IXXT = 30 < [T XX - A, (Q20)

(Q.18) will also hold, because:

146+
\/E”XOXOT —M"||p < CLV/1— (0 +(29) — Cu D (Q.21)

Thus, for the remainder of the proof, we aim to certify that starting from X, if we apply the gradient
descent algorithm, (L.1) will be satisfied every step along this trajectory. In order to do so, we use
Taylor’s expansion and (Q.2) to obtain

Pt w) — f(ar ) = T EOIOT M M= ME) Q22)

where NN is some convex combination of M and M", and M € R"*" is any matrix of rank at most .
In light of the RIP property of the function and Equation (2.8), one can write:
1—0—¢aq < 1+9+Gg
2 - 2
This means that if M7, My € R™*"™ are two matrices of rank at most r with f(M;,w) < f(May,w),

then:
146+ w
1My = M < | O g, (Q24)
1—-6—(2q

because f(My,w) — f(M™,w) < f(Ma,w) — f(M*,w). Thus, one can conclude that f(X;X,",w) <
f(XoX, ,w) Vt, where X; denotes the ¢ step of the gradient descent algorithm starting from Xj.
Hence, (L.1) follows for all X,;. Conveniently, Lemma 11 inshows that f(X; X, ,0) < f(X;-1X,"1,0)
for all ¢ > 0. However, this result can be extended to:

f(XtXtTa ’U}) < f(thlXtTfhw)? (QZS)

1
1/ > 12pr02 (,/MHXOXOT MY+ ||Mw||F> , (Q26)
— 0 =K2

since V f (-, w) is now a p-Lipschitz continuous function. Given, a sufficient condition to the above
inequality is that:

1M — M™% < f(M,w) = f(M",w) M = M| (Q23)

by making

n< (1200072 (2(V2 - VT~ 0+ G + M) (Q27)

This finally means that the PL inequality (Q.3) is established for the entire trajectory starting from
Xo. Now, applying Theorem 1 ingives:

h(Xe,w) = f(PH(M®),w) < (1= pn) T (h(Xo, w) — f(Pr(M"),w)), (Q28)

which implies a linear convergence as desired.

R. Proof for Theorem N.5

First and foremost, we replace § with ¢ 4 (2¢ in all of the proofs since in our noisy formulation, the
problem is (§ + (2¢q)-RIP5, o, instead. Then, we introduce the following Lemma in V; f(M*, w) # 0
in the noisy formulation:
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Lemma R.1. Given a constant € > 0, an arbitrary X € R™*", and the ground truth solution M* € R™*" of

(2.4), if

T2 2(1+ 8+ ¢29) “i12 2\/T 4/3}
XTI 2 max{ 2RO e (I sl (way
then
IVxh(X,w)|F = A, (R2)

where {p = ¢1/D and D is a constant such that

2 22T 4/3
b S(1—5—(C2+CD)61 ' (R3)

Note that such D exists since we first require that 1 — 0 — (¢2 + {p)¢q > 0, meaning that ligch 5 <D

Moreover, a sufficient condition to (R.3) is that D < (2\y/7)?/3, which can be simultaneously satisfied
when ) is chosen properly. The introduction of the lower bound D will not affect the remainder of
the proof of Theorem N.5, since in the later steps, we only require the existence of a constant C' such
that [ XX " || r < C? when |Vxh(X,w)||r < X. Therefore, Lemma R.1 perfectly fits this role.

Proof of Lemma R.1. Denote M := X X T. Using the RIP property and (2.7), we have:

(Var f(M), M) :/0 [V2F(M* + s(M = M), w)][M — M*, M]ds + (Vi f (M, w), M)

> (1=0-GqlIM|E — (1+ 0+ QoM™ ||p|Mlr - Cual M|

=1 -6 GalIM|E — 1+ + )| M ||F|M|F — (peD| M| F (R4)
> (10— (G2 +Co))IMF — 1+ 6+ Ca)|M* || pl| M| F
1—-0—(¢2+Cp)g
N
where the second last inequality results from (R.3), which implies that D < || M||r; and the last in-
equality follows from (R.1). Then combining the fact that || X || p < ﬁ”MH},/Q, and [|Vxh(X,w)||r >
W yields the desired fact that

IV h(X, w)|p > P w), X)_ (Var f(M), M)

IX1Ir IX|r
(=5 — (G + o)l M]3
- 27| M|/ (R5)
1-0-(&2+{p)g 3/2
— NG M|
>\

Then, utilizing Lemma R.1, we can prove in the same fashion to obtain:

<VMf(M7w)’M* _M>

< —(1-0-GoIM - M*|% — (Va f(M*,w), M — M*)

< —(1=6—Gg)|M - M*|E+ Ga|M — M*||r (R6)
< (1= 6~ )M — Mo+ Coa(y/2(v2 — (o (M) 2a)|M — M|
<—(1=6— (G~ Ca)g) M — M*|%

for any M € R™*" that satisfies the requirements in Lemma 7 of . This is because | M — M*||p >

(1/2(v2 — 1)(0,.(M*))'/2a) by the assumption of a and Lemma Q.1.
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The above change will only affect the constant ¢ in Lemma 7, and the new ¢ will become

c=(VrIM*|lp) (V2= 1)(1 = 8 (G2 = Ca) @) (M), (R7)

Since the exact value of c is irrelevant and we only need to prove its existence, the rest of the proof
follows from the existing procedure. Note that ¢ > 0 is guaranteed by the assumption of noise
in Theorem (N.5). Then, we proceed to show that it also be proved similarly, except for one key
difference, which is:

K = (1= 30 = (3G + 2a)a) (V2 = Do (M*)a?. (R8)
To verify this statement, we leverage the inequality:
—¢(M) = f(M,w) = f(M*,w) — (&6 + C2q)l|M — M™%, (R9)
and furthermore we now have that:

f(Maw)_f(M*aw)

1-6—
> (Tar fOM* ), M = M) + 222 g g
1_5_Cq * *
Z%HM*M |17 — gl M — M*|% (R.10)
S 120Gy g 2(v2 — 1)(0,(M*))2)| M — M*||2
> ———|IM = M| — Caq(/2(V2 = 1)(0n(M7)) /Za) | M — M™%

2
> 1_5_(42-2+2Ca)q

* (|2
1M — M|
for the same reason elaborated above. Combining the above two inequalities leads to:

v 1—30 — (3<2 + 2Coz)q
~o() > .

|M — M*||% > K. (R.11)

As assumed in Theorem N.5, since ¢ < 421@7;!6/3,
(% | M*)|%)/* and invoke Lemmas 6-8 to complete the proof of Theorem N.5. Note the e

here is the same € appeared in the statement of Theorem N.5.

we know that K > 0. Finally, we choose C' =

S. Theoretical Study of The Combined Loss

S.1. Theoretical Study

Theorem S.1 (Combined Loss Bound). Let r; = Y; — A(XX "), fori = 1,...,n, and assume there is a
constant B > 0 such that r? < B for all i. Define the combined loss:

n

Leominea(X) = (1= 2) - = >~ [~ 1og( Zexp( LoD+ —Zr (1)

=1

Then consider a matrix sensing or low-rank recovery problem where Y = A(M*) + w, and A satisfies a
restricted isometry property (RIP)-like condition: there exists § € (0, 1) such that, for every symmetric matrix
E of rank at most 2r, then with probability at least P(||w||2 < €) we have:

combined lez' (SZ)

e

IXXT — M*||r <

The detailed proof and simplified analysis are provided in Appendix S.2. We can use similar results
as above to show the result. More detailed analysis will be provided in the later version.
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S.2. Proof of Theorem S.1

Proof. The composite loss with random noise is given in (8.1):

Lcombined (X)

-1 AXXT —(Y; — A(XXT),;))2
Ho Z( g L Zexp( ~(ACKXT)) — (4 = A T) >)

+A- %Zn:(yi — AXX T

i=1

(S.3)

The composite loss is more robust to different setting. For example, when the ||w|| is small (MSE is
better, or when ||w|| is medium, (ours is large).

=Y, —AXX");, i=1,...,n. (S.4)

For convenience, assume that there exists a constant B > 0 such thatr? < B, foralli=1,...,n
We recall that the loss is defined as:

S\H

Lcombincd (X)

b A3 (S (-0
+ A %er

We now bound each term separately. Since £ 37" | 72 < B, itfollowsthatA-1 3" 2 < AB.Forany i

and j, because r? < Bwehave ||r;—r;| < HTJH—&-HTZH <VB+VB=2VB. (rj—rl) (2vB)? = 4B.
(r; —ri)?
R?

(S.5)

Then, for every i and j, exp (—

1< (rj —7m:)? 1 4B\ 4B
ﬁ j:ZleXp (_hQ 2 E - nexp _ﬁ = exp —F . (86)

Taking the negative logarithm yields:

( S oo —n>2)) (e (-E)) - )

Since this bound holds for each i, averaging over i gives:

) > exp ( ) Hence, for each fixed i we obtain:

I ;— m? 4B
- 1 <. :
nZ[ Og( Zexp( )) <7 (8)
Putting the bounds (5.1) into the combined loss (S.5), we conclude that:
4B
Lcombined (X) < (1 - >\) + AB. (89)

h2
Assuming that we are in a matrix sensing/low-rank recovery setting. In such settings one assumes

Assumption 2.3 and 2.1. The observed vector is modeled as Y = A(M*) + w, where w is a noise
vector. The combined loss is given by

Lecombinea(X) = % i l log(% iexp( ((Y; —AXXT);) ;Q(Yi — .A(XXT)i))2>)]

£ ié(y fA(XXT)i)Q.

(S.10)
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Further assume that A satisfies an RIP-like property; that is, there exists § € (0, 1) such that for every
symmetric matrix E of rank at most 2r one has (1 — 0)||E||% < 1| A(E)[j3 < (1 + 0)||E|/%. In our
setting we set E = XX ' — M*. Denote the quadratic term in the loss by:

Faund(X) = %Z(Yi - A(XXT)Z)Q - %HA(XXT _ MY — w2, (8.11)

i=1

For simplicity (and without loss of generality for a bound) imagine that the optimization is such
that the loss is nearly achieved; then the quadratic term is small. In particular, note that:

1 i} 1
CJAXT = MR € fauaa(X) + w3 (5.12)
If the noise is controlled (or even absent) and if the combined loss is small near a stationary point
(say, bounded above by L7 .. .}, then in particular
L :ombined
-
(In the combined loss the quadratic part appears weighted by A.) For clarity we define

1

1 *
CJAGXXT - M < . (.13)

Lg mbin 1
g2 .— Zco )\b ed 4 E”ng (5.14)
Thus,
1
—JAXXT - MY)|3 <. (S.15)
n

The RIP property (2.6) guarantees that:
1
(L= IXXT = M |7 < —AXXT = MY)[5 <. (S.16)

Recalling the definition of ¢, this yields

1 L* . 1
T * < combined - 2. .
So we have:
XX — M*||r < ! \/Lzombined + l62 (5.18)
~V1-9 A n '
with probability at least P(||w||2 < €). O

T. Detailed Experimental Results

In this section as above Section 9, we provide a detailed example to the theoretical results. Assume
that w € R™ is a 0.05/y/m-sub-Gaussian vector. According to Lemma 1 in [38], this choice of w
satisfies: )

1—2e" Tome? < P(||lw]z < e), (T.1)

with o = 0.05. We consider the problem of 1-bit Matrix Completion, which is a low-rank matrix
optimization task commonly appearing in recommendation systems with binary inputs [34, 35].
The objective function is given by 2.3. It is straightforward to verify that the new loss satisfies the
assumptions in 2.3 and 2.1 with ¢; = 1 and ¢, = 0. In Figures 6 to 11, we numerically demonstrate
and compare the bounds in Theorem 4.1 and Theorem 4.3, with parameters n = 40, » = 5.
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Table 2: § < 1/3: Real vs. Numerical Errors for the new loss. Symbols: € = probability upper bound,
Freal = | XX T — M*||F, FEemp = empirical error, L = noise Lipschitz constant, H = noise Hessian
constant.

€ Ereal Eemp L H

0.5 0.131347 0.245299 67.189408 62.946586
0.6 0.010286 0.249747 67.795918 63.546119
0.7 0.010633 0.267247 70.130878 66.388579
0.8 0.220458 0.272450 70.810290 69.285569
0.9 0.127725 0.239321 66.365657 63.077514

delta < 1/3: Comparison of Real and Numerical Errors for new loss

Real Error Numerical Error
0.40 0.30
—8— real [|XXAT - MA*||_F empirical ||XXAT - MA*||_F
0.35
0.28
0.30
€ £
£ 0.25 £
S S 0.26
(2] 122}
2 0.20 2
c f=4
[ i
S 0.15 5 024
w . w
0.10
0.22
0.05
0.00 0.20
050 055 060 065 070 075 080 0.85 0.90 050 055 060 065 070 0.75 080 085 0.90
probability upper bound € probability upper bound €

Figure 6: 6 < 1/3: Comparison of Real and Numerical Errors for new loss

Table 3: § < 1/3: Real vs. Numerical Errors for the MSE loss. Symbols: ¢ = probability upper bound,
Frea = | XX T — M*||F, FEemp = empirical error, L = noise Lipschitz constant, H = noise Hessian
constant.

€ Ereal Eemp L H

0.6 0.152224 0.047391 112.673616 12.670269
0.65 0.117224 0.068880 111.240372 12.566897
0.7 0.135116 0.095493 111.873168 12.837108
0.75 0.199956 0.127546 121.697785 13.048538
0.8 0.173894 0.165297 115.219867 12.904689
0.85 0.175881 0.208955 109.081901 13.065476
0.9 0.144509 0.258679 112.820543 13.490991
0.95 0.164552 0.314585 114.623283 13.444282

Table 4: § < 1/3: Real vs. Empirical Errors for the composite loss. Symbols: ¢ = probability upper
bound, Freq = || XX T — M*||F, FEemp = empirical error, L = noise Lipschitz constant, I = noise
Hessian constant.

€ Ereal Eemp L H

0.6 0.252242 0.542251 29.886229 21.379952
0.65 0.136733 0.126368 14.427459 13.312156
0.7 0.152275 0.121407 14.141430 13.780662
0.75 0.137491 0.122621 14.211950 12.999850
0.8 0.161383 0.123097 14.239475 12.907365
0.85 0.171834 0.116507 13.853113 12.747327
0.9 0.159968 0.827296 36.914869 18.623831
0.95 0.161281 0.124161 14.300877 13.291003
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delta < 1/3: Comparison of Real and Numerical Errors for MSE loss

Real Error Empirical Error
0.40 0.40
—@— real [|[XXAT - MM||_F empirical || XXAT - MA*||_F
0.35 0.35
0.30 0.30
£ £
E 0.25 é 0.25
2 0.20 2020
c c
8 8
2 0.15 2 0.15
w w
0.10 0.10
0.05 0.05
0.00 0.00
0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
probability upper bound € probability upper bound €
Figure 7: 6 < 1/3: Comparison of Real and Numerical Errors for MSE loss
delta < 1/3: Comparison of Real and Empirical Errors for composite loss
0.40 Real Error 0.40 Empirical Error
—0— real || XXAT - MA||_F empirical || XXAT - MA*||_F
0.35 0.35
0.30 0.30
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0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
probability upper bound € probability upper bound €

Figure 8: 6 < 1/3: Comparison of Real and Empirical Errors for composite loss

Table 5: 6 > 1/3: Real vs. Empirical Errors for the new loss. Symbols: € = probability upper bound,
Freal = || XX T — M*|p, Eemp = empirical error, L = noise Lipschitz constant, H = noise Hessian
constant.

€ Ereal Eemp L H

0.5 7.102596 0.311050 7566.029696 4847.329349
0.6 2.009672 0.345135 7969.801460 5300.450313
0.7 0.469574 0.233222 6551.454917 4318.232124
0.8 0.074324 0.287211 7270.322014 4534.227116
0.9 0.601774 0.262751 6953.848751 4461.188565

Table 6: § > 1/3: Real vs. Empirical Errors for MSE loss. Symbols: ¢ = probability upper bound,
Freal = | XX T — M*||F, Eemp = empirical error, L = noise Lipschitz constant, H = noise Hessian
constant.

€ Ereal Eemp L H

0.5 0.52011 0.275556 22.519488 34.472289
0.6 0.60282 0.292817 23.214081 34.340328
0.7 0.70392 0.307916 23.805072 34.244936
0.8 0.86332 0.297505 23.399164 34.555703
0.9 0.75957 0.311414 23.939913 34.760302
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delta > 1/3: Comparison of Real and Empirical Errors for new loss
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Figure 9: 6 > 1/3: Comparison of Real and Empirical Errors for new loss
delta > 1/3: Comparison of Real and Empirical Errors for MSE loss
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Figure 10: 6 > 1/3: Comparison of Real and Numerical Errors for MSE loss

Table 7: 6 > 1/3: Real vs. Empirical Errors for composite loss. Symbols: € = probability upper bound,
Ereal = | XX T — M*||F, FEemp = empirical error, L = noise Lipschitz constant, H = noise Hessian
constant.

€ Ereal Eemp L H
0.5 0.100042 0.376493  26.322789  34.088333
0.6  0.086220  0.420021  28.553900  34.980704
0.7 0.391496  0.445266  28.626139  34.820591
0.8 0.140990 0.452202  28.398186  34.680517
0.9 0.340462 0.456870  28.996758  34.111456
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Figure 11: 6 > 1/3: Comparison of Real and Numerical Errors for composite loss
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